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Abstract

The dynamics of the family of complex functions Fy(z) = 2" + A\/z¢ is explored. For
n = d = 2 conditions are given on A ensuring that the Julia set of F) is a Sierpinski curve.
Further, a complete description of the symbolic dynamics of F) restricted to its Julia set
(in the cases where the Julia set is a Sierpinski curve) is given. For n = 2 and d = 1 the
existence of a sequence of A\, € R™ is shown where F), has a superattracting n-cycle and
J(F),) is a Sierpinski curve,

The dynamics of a function derived from multiple circle inversions is also investigated. A
description of the dynamics of this function restricted to its Julia set via symbolic dynamics
is given. Finally, a description of the (topological and dynamical) bifurcations that occur

as this system is perturbed is presented.
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Chapter 1

Preliminaries for the family F)

The first three parts of this work deal with the family of rational maps of the complex plane
given by

o A
P\(z)==z —l—;i-.

When A = 0, these maps reduce to z — 2™ and the dynamical behavior in this case is well
understood: the Julia set of F is just the unit circle and all other orbits tend either to oo
or to the superattracting fixed point at 0.

When A # 0, several things happen. First of all, the map F) now has degree n+d rather
than n. Secondly, the origin is a pole rather than a fixed point. And, finally, there are n+d
free critical points, in addition to the critical points at oo and 0. As we show below, the
orbits of all of these free critical points behave symmetrically, so we essentially have only
one free critical orbit for each of these maps. As is well known in complex dynamics, the
behavior of this critical orbit determines much of the structure of the Julia sets of these
maps. In this paper we shall describe a trichotomy in the structure of the Julia sets that
arises when the critical points all tend to oo.

For comparison, we first recall the dichotomy that occurs for the well-studied family of
quadratic polynomials, Q.(z) = 22 + ¢. As in our family, there is only one critical orbit
for Q¢, namely the orbit of the critical point at 0. The following facts are well known (see

[Mil99)):

1. If the critical orbit for @), tends to oo, then the Julia set of Q. is a Cantor set and Q.

is conjugate on the Julia set to the one-sided shift of two symbols.




2. If the critical orbit does not tend to co, then the Julia set of F) is a connected set.

In the quadratic polynomial case, co is a superattracting fixed point and so oo is sur-
rounded by an immediate basin of attraction. If the critical orbit tends to oo, then it is
known that the critical point must lie in this basin and, consequently, the entire critical
orbit lies in this basin.

For the family Fy, the point at oo is still a superattracting fixed point and so we
still have an immediate basin of attraction which we denote by B). However, unlike the
quadratic polynomial case, the full basin of attraction may be larger: there may be infinitely
many disjoint preimages of the immediate basin of co. This is why we find three different
topological types of Julia sets when the critical points escape to co. In particular, the
component of the basin that contains 0 may be disjoint from B). If this is the case, then
we denote this component by Ty and note that the only two preimages of By are B) and
Tx. Then T must have disjoint preimages under Fy' for n =1,2,3..., and so the basin of
attraction of co has infinitely many disjoint components.

We consider the maps

A
R ="+ 5

where n,d € ZT and n > 2. The Julia set of Fy, J(F)), is defined to be the set of points
at which the family of iterates of F) fails to be a normal family in the sense of Montel.
Equivalently, the Julia set is the closure of the set of repelling periodic points for F) as well
as the set of points on which F)\ behaves chaotically. The complement of the Julia set is
called the Fatou set.

key where cy is one of

There are n -+ d critical points for F\, and all are of the form w
the critical points and w™t¢ = 1. Similarly, the critical values are arranged symmetrically
with respect to z — wz, though there need not be n + d of them. There are n + d prepoles
at the points (—X)1/(v+d),

Note that Fy(wz) = w™Fy(z). Hence the orbits of points of the form w’z all behave

“symmetrically” under iteration of Fy. For example, if F}(z) — oo, then F}(w*z) also tends




to oo for each k. If F}(z) tends to an attracting cycle, then so does F} (w*z). Note, however,
that the cycles involved may be different depending on &k and, indeed, they may even have
different periods. Nonetheless, all points on these attracting cycles are of the form w?z for

some zg € C.

Proposition ((n + d)-fold Symmetry). Both By and T have n+ d-fold symmetry, i.e., if

2 € By, then wz € By, as well, where w4 =1,

Proof: Let U C B, be the set of points z in B) that have the property that the point
wz also lies in By. U is an open, nonempty set since B) contains an open neighborhood
around oo. If U # By, let zyp € OU. Then zy € By, but wzg & B). Hence wzy € 0B,.

Therefore F}(zo) — oo whereas F} (wzp) /4 co. But
Fi(wzy) = W™ Fi () = oo.

This gives a contradiction.

The case of T is similar.

0

In particular, since the critical points are arranged symmetrically about the origin it
follows that if one of the critical points lies in By (resp. 7)) then all of the critical points
lie in By (resp. Ty).

For other components of the Fatou set, the symmetry situation is somewhat different:
either a component contains w’zy for a given zg in the Fatou set and each j € Z, or else

such a component contains none of the w’z with j # 0 mod n + d:

Symmetry Lemma. Suppose U is a connected component of the Fatou set of Fy. Suppose
also that both zy and w’zy belong to U, where w? # 1. Then in fact w'z belongs to U for

all i and, as a consequence, U has n + d-fold symmetry and surrounds the origin.

Proof: Suppose that zg and w’z lie in U but wizy does not liein U. Let aq be a continuous

curve in U that connects zy to w’zy. Define a second curve ay by wiay. By symmetry, ao




also lies in a component of the Fatou set, but since wizy les on o, it follows that as also
lies in U and so U also contains w? zy. Continuing in this fashion, we see that U contains
w2y for all £ and that the analogous curve ay also lies in U.

Now suppose w®¥ = 1. Then the union of the curves a,... ,q, forms a closed curve
that lies in U and surrounds the origin. Call this curve a. By assumption, w'z does not lie
on a. If we set woy = G for each I, we get another closed curve, call it 8, that surrounds
the origin and is contained in w*U. Since w'zy € W'U but w'zy ¢ U we know that w'U # U.
In fact, since U is a Fatou component and F(wz) = w"Fy(z) we get that wiU is also a
Fatou component and hence w*UNU = §. Since f C w'U and o C U we see that aN g = §.
However, « and f are both curves that surround the origin and 8 = w«, implying that «
and f§ must cross. This implies that « and 8 lie in the same Fatou component, yielding a

contradiction.




Chapter 2

Criterion for Sierpinski Curve Julia sets

In this section we restrict to the case n = d = 2. Our goal is to give a criterion for the
Julia set of such a map to be a Sierpinski curve. A Sierpinski curve is a rather interesting
topological space that is homeomorphic to the well known Sierpinski carpet fractal. The
interesting topology arises from the fact that a Sierpinski curve contains a homeomorphic
copy of any one-dimensional plane continuum. Hence any such set is a universal planar
continuum. In [BDL¥03a] it is shown that, in every neighborhood of A = 0 in the parameter
plane, there are infinitely many disjoint open sets of parameters for which the Julia set is
a Sierpinski curve. This result should be contrasted with the situation that occurs for the
related family G\ (z) = 2™+ A/2¢ with 1/n+1/d < 1. McMullen [McM88] has shown that,
provided A is sufficiently small, the Julia set of G, is always a Cantor set of circles. A
dynamical criterion for this is given in [DLUO03]. On the other hand, Hawkins [Haw03] has
shown that very different phenomena arise in the family Hy(z) = z + A/z.

Our goal is to investigate the dynamics of the family F\ for all A-values, not just those
close to the origin. Our main result is a criterion for the Julia set of F) to be a Sierpinski

curve:

Theorem. Suppose that the critical orbit of Fy tends to oo but the critical poinis of F,
do not lie in the immediate basin of co. Then the Julia set of F\ is a Sierpinski curve.
In particular, any two Julia sets corresponding to an eventually escaping critical orbit are

homeomorphic.

In Figure 2-1, we display two Sierpinski curve Julia sets drawn from the family F).

This is reminiscent of the Fundamental Dichotomy mentioned in Chapter 1. For the




A=-—1/16 A =0.132 + 0.097:

Figure 2-1: The Sierpinski curve Julia sets for two values of A.

family F)\, we shall prove that there is a similar fundamental dichotomy, but there is a

subtle yet extremely important difference. Our result is:

Theorem. If the entire critical orbit of F\ lies in the immediate basin of attraction of oo,
then the Julia set of Fy is a Cantor set. On the other hand, if the entire critical orbit does

not lie in the immediate basin, then the Julia set is connected.

The subtle difference here lies in our assumption that the entire critical orbit lies in the
immediate basin of co. For quadratic polynomials, if the critical orbit escapes to co, then
its entire orbit must lie in the immediate basin of co. However, for F), it is possible that
the critical orbit escapes to co but that the entire orbit does not lie in the immediate basin.
That is, the critical points may lie in one of the (disjoint) preimages of the immediate basin,
or, said another way, the critical orbit may jump around before entering the immediate basin

of By. This is the case in which we find Sierpinski curve Julia sets.




There are other significant differences between the Julia sets of the family of ratio-
nal maps and those of the quadratic polynomials. For example, in the case of connected
quadratic Julia sets, it is often the case that the boundary of the basin at co has infinitely
many pinch points. That is, the complement of the closure of the immediate basin of oo
consists of infinitely many disjoint open sets. For example, if (). admits an attracting pe-
riodic point of period n > 2, then the complement of the closure of the immediate basin of
oo always consists of infinitely many disjoint components made up of the various basins of
attraction and their preimages. These are the Fatou components for the map.

For F), a very different situation occurs. Let By denote the immediate basin of oo for

F\. Then we shall prove:

Theorem. Suppose J(Fy) is connected. Then C — By is an open, connected, simply

connected set.

For “nice” simply connected open sets, the boundary of such sets is a simple closed
curve, but as is well known, this need not be the case. For example, the topologists’ sine
curve and other, non-locally connected sets may bound a simply connected open set in the
plane. In our case, however, we often have simple closed curves bounding the basin of co.

We shall also show:

Theorem. The boundary of the immediate basin of 0o is a simple closed curve in each of

the following cases:

1. |\ < 1/16;

2. The critical orbits lie on the boundary of the basin of co but are preperiodic (the

Misiurewicz case);

3. The critical points do not accumulate on the boundary of the basin of oo, as in the

special case where they eventually tend to co and we have a Sierpinski curve Julia set.




2.1 Preliminaries for )\ when n=d = 2

In this section we describe some of the basic properties of the family Fy(z) = 22 + \/2?
where, as always, we assume that A # 0. Observe that F\(—z) = F\(z) and F)(iz) =
—F)\(2) so that Fi(iz) = Fi(z) for all z € C. Also recall that 0 is the only pole for each
function in this family. The points (—)\)1/ 4 are prepoles for F) since they are mapped
directly to 0. The four critical points for Fy occur at A'/4. Note that Fy(\/4) = £2A1/2
and FZ(A\/%) = 1/4 + 4), so each of the four critical points lies on the same forward orbit
after two iterations. We call the union of these orbits the critical orbit of F.

Let By be the immediate basin of attraction of oo and denote by 0B the boundary of
B. The map F) is conjugate to z +— 22 on By, at least in a neighborhood of co. The basin
By is a (forward) invariant set for F in the sense that, if z € By, then F{(2) € B), for all
n > 0, The same is true for 9B,

We denote by K, = K(F)) the set of points whose orbit under F) is bounded. K) is
the filled Julia set of Fy. K) is given by C — UF~™(B,). Recall that Jy = J(F)) is the
Julia set of Fy and J)A = 9K (see [Mil99]). Both Jy and K), are completely invariant

subsets in the sense that if z € J) (resp. K)), then F{(z) € Jy (resp. K)) for all n € Z.

Proposition. (Fourfold Symmetry) The sets By, 0By, Jx, and K are all invariant under

Z iz,

Proof: We prove this for By; the other cases are similar. Let U = {z € By |iz € B)}.
U is an open subset of By. If U # B, there exists z9 € U N By, where OU denotes the
boundary of U. Hence zg € By, but izg € 0B). It follows that F{(izg) € 9B, for all n. But
since Fi(z0) = F2(iz), it follows that zy & By as well. This contradiction establisﬁes the

result.

O
There is a second symmetry present in this family. Consider the map Hy(z) = v/\/z.

Note that we have two such maps depending upon which square root of A we choose. H)




is an involution and we have Fy(H(2)) = Fa(2). As a consequence, H) preserves both Jy
and K. The involution H) also preserves the circle of radius A4 and interchanges the
interior and exterior of this circle. Hence both Jy and K, are symmetric about this circle

with respect to the action of Hj.

2.2 The Fundamental Dichotomy

Our goal in this section is to prove the fundamental dichotomy for the family Fjy:

Theorem. If one and hence all of the critical points of Fy lie in By, then J(Fy) is a Cantor
set; if the critical points of Fy do not lie in By, then both J(Fy) and K(F\) are compact,

connected sets.

Proof: Suppose first that no critical point lies in By. Then we may extend the conjugacy
between Fy and 2% to all of By and so B is a simply connected open set in C. Let
Uy = C — By. Uy is compact and connected with boundary 0By, Let Uy = Uy — F/\“I(BA).
Fy 1(B))— By is a simply connected open set containing 0 which is mapped two-to-one onto
By. Hence Fy 1(B)\) — By lies in Uy and is disjoint from &B) since orbits in §B) remain
bounded. Therefore U; is compact and connected. Inductively, Uy is given by Up_1 —
P k(B,). Since Fy k(By) is a collection of disjoint, simply connected, open sets which do
not intersect the boundary of U1, it follows that Uy, is also compact and connected. Then
K (F\) = NUy is compact and connected. Since J) is the boundary of K}, Jy too is compact
and connected.
The proof that J(F)) is a Cantor set when all critical points lie in B} is standard. See,
for example, [Mil99].
O
We emphasize again that the critical points for F may eventually escape but not lie in
Bjy. In this case we still have a connected Julia set. In fact, we shall show in Section 5 that

J(F)) is a Sierpinski curve in this case.
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We denote the set of parameter values for which J(F)) is connected by M; M is called
the connectedness locus for this family. This set is the analogue of the Mandelbrot set for

quadratic polynomials.

Figure 2-2: The parameter plane for the family 22 + \/22. White regions correspond to
A-values for which the critical orbit escapes to co.

2.3 The case |A\| < 1/16

In this section we deal with the very special case where |A| < 1/16. We first prove:

Theorem. Suppose that |A| < 1/16. Then the boundary of By is a simple closed curve.

Proof: Consider the critical circle Sy given by r = |\|'/4. Note that Sy contains all four
critical points as well as the four prepoles. Write A = pexp(i¢)) and z = p'/% exp(if) € Sh.

Then we compute

F,\(z) — p1/2(82i0+ei(1/)—29))

= p'/2 ((cos(26) + cos(tp — 26)) + i(sin(26) + sin(tp — 26)))
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If we set £ = cos(26) + cos(yp — 20)) and y = sin(20) + sin(yp — 26), then a computation

(=0

Hence the image of S under F) is a line interval passing through the origin. F)\ maps

shows that

S onto this line in four-to-one fashion, except at the two endpoints, which are the critical

values £2v/\. Note that these two critical values lie inside Sy provided we have
2V < IV,

which occurs when |A| < 1/16. Hence the condition [A] < 1/16 guarantees that the image
of S lies strictly inside S).

Now if V), is another circle surrounding the origin whose radius is slightly larger than
IA|'/4, then the image of Vy also lies inside Sy and hence inside V. Moreover, the image
of V) is a simple closed curve since there are no critical points or prepoles on V). The
involution H) maps V) to a second circle Wy that lies strictly inside the critical circle and
we have F)\(Vy) = F)(W,). The annular region between V) and W) is mapped in four-to-
one fashion onto the disk surrounding the origin and bounded by F)\(V)). In particular,
the image of this annulus is disjoint from the annulus provided that V) is sufficiently close
to the critical circle.

We claim that the preimage of V) consists of a pair of disjoint simple closed curves, one
lying inside the critical circle and one lying outside V. This follows from the fact that F
maps the exterior of V) in two-to-one fashion onto the exterior of the curve F\(V)). The
interior of the circle W) is mapped in similar fashion onto the exterior of Fj(V}). Let Uy
denote the preimage of V) lying outside V), and let Ay denote the annular region bounded
by V, and Uy. Note that Ay is mapped in two-to-one fashion onto the annulus bounded by
Vi and F)\(V)).

We now use quasiconformal surgery to modify F) to a new map G which agrees with
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F on the exterior of Ay but which is conjugate to z — 22 in the interior of Uy with a
fixed point at the origin. To obtain G, we first replace F) in the disk bounded by V) by a
map which is a quasiconformal deformation of z — 22 on |z| < 1/2. Then we extend G to
Ay so that the new map is quasiconformally conjugate to z? on and inside Ay and agrees
with F) on the outer boundary Uy of Ay. The new map G, is continuous and has degree
2 with two superattracting fixed points, one at 0 and one at co. Hence G, is everywhere
conjugate to z2. Therefore the boundary of the basin of attraction of co for @, is a simple
closed curve. Since GGy, agrees with F) in the exterior of Ay, the same is true for Fy. This

proves that 0B) is a simple closed curve when |A| < 1/16.

We now use this result to prove:

Theorem. Suppose that |\| < 1/16 and that the critical points of Fy tend to oo but do not

lie in the the immediate basin By of co. Then J(Fy) = K(F)) is a Sierpinski curve.

Proof: It is known [Why58] that any planar set that is compact, connected, locally con-
nected, nowhere dense, and has the property that any two complementary domains are
bounded by simple closed curves that are disjoint is homeomorphic to the Sierpinski carpet
and is therefore a Sierpinski curve. In our case, the fact that both Jy and K are compact
and connected was shown in the previous section. Since all of the critical orbits tend to oo,
it follows that Jy = K, and hence, using standard properties of the Julia set, J) is nowhere
dense. Also, since no critical points accumulate on Jy, it is known [Mil99] that Jy is locally
connected.

It therefore suffices to show that the complementary domains are all bounded by disjoint
simple closed curves. By the previous result, B, is bounded by a simple closed curve lying
strictly outside the critical circle. Using the involution H), the boundary of the trap door
is given by H)(0B)), and so this region is bounded by a simple closed curve lying inside
the critical circle and therefore disjoint from 0By,

Now consider the preimage of the trap door. This preimage is an open set. It cannot
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comnsist of a single component, for if this were the case, this component would necessarily
surround the origin (by fourfold symmetry) and thereby disconnect the Julia set. Hence
each of the components of the preimage of T} is an open set that is mapped in either one-
to-one or two-to-one fashion onto T depending upon whether or not a critical point lies in
the preimage. (In fact, the critical points cannot lie in the first preimage of T, but we do
not need this fact here.)

It follows that each component of the preimage of T} is a simply connected open set
whose boundary is a simple closed curve that is mapped onto 8T. The boundaries of these
components are digjoint from 0B}, since this curve is invariant under F) and hence cannot
be mapped to d7\. They are also disjoint from 9T) since the boundary of the trap door
is mapped to dB) whereas the boundary of the components are mapped to 97T), and we
know that 8Ty N @By = §. Finally, the boundary of each component is disjoint from any
other such boundary for a point in the intersection would necessarily be a critical point.
If this were the case, then the critical orbit would eventually map to 0B), contradicting
our assumption that the critical orbit tends to co. Hence the first preimages of Ty are all
bounded by simple closed curves that are disjoint from each other as well as the boundaries
of By and T). Continuing in this fashion, we see that the preimages F "(T)) are similarly
bounded by simple closed curves that are disjoint from all earlier preimages of B). This

gives the result.

2.4 The Boundary of B,

In this section we consider any A-value for which the Julia set of F) is connected, not just
those that satisfy |A| < 1/16. Our aim is to show that the open set C — B, is a connected
and simply connected set. This implies that the interior of the set containing the origin and
bounded by the boundary of B) has just one connected component. Moreover, we show

below that if # lies in the intersection of the boundaries of both By and T}, then z must be
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a critical point of F. Hence there are at most four points in the intersection of these two

boundaries.

Proposition. The open set C — By, is connected and simply connected whenever By N T
s empty.

Proof: Let W, denote the open connected component of C — By, that contains 0. Note
that Wy contains all of Ty since the boundary of B) does not meet T). Hence the closure

of Wy also contains 9T).
Lemma. Wy is symmetric under z — iz and hence has fourfold symmetry.

Proof: Let X denote the set of points z in Wy for which ¢z also lies in Wy. Note thﬁt X
is an open subset of Wy. Note also that X D T) since T possesses fourfold symmetry and
lies in Wy. Hence X is nonempty. Now suppose that X # Wy. Then there must be a point
z1 € 0X NWy. So z1 € Wy but iz; & Wy. Therefore 121 lies in Wy, which is contained in
OB,. Since iz € 0B, and it was earlier shown that 0B, has fourfold symmetry we know

that z, € 0B), contradicting our assumption that z; € Wy. This proves the lemma.

Lemma. All four preimages of any point in Wy lie in Wy.

Proof: Since Hy(B)) = Ty and T C Wy, we have H)(0B)) C Wg. Therefore Hy(0Wy) C
W and so Hy maps C — Wy into Wp.

Now H) maps prepoles to prepoles. If one of the prepoles lies in C— Wy, then its image
under H) lies in Wy. This cannot occur since, by the previous lemma, Wy has fourfold
symmetry. Hence each prepole lies in Wy. In fact, each prepole must lie in Wy since Wy
is mapped to 9Bj.

It follows that all four preimages of 0 lie in Wy. Therefore the entire set Fy '(Wy) is
contained in Wy for, otherwise, there would be points in Wy C 8B, that are mapped into

Wo. This cannot happen since 8B, is invariant.
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Remark. By the lemma, F) : Fy Lwy) — Wy is a proper map of degree four. By the
Riemann-Hurwitz Theorem, either Fy 1(Wo) is an annulus containing all four critical points,
or else Fy~ 1(W0) is a union of four disjoint disks, each of which is mapped homeomorphically

onto Wy. This latter case occurs when the critical points all lie in 0By, as we discuss below.

We now complete the proof that C — By is connected and simply connected. It suffices
to show that Wy is the only component of C — By.

Assume that there is an additional component of C — By, that is disjoint from Wy. Call
this component Wi. Note that —W) is also a component of C — By, and that +W; are
disjoint, since otherwise this component would surround Wp. We have that F\(W7) does
not meet Wy since all preimages of points in Wy lie in Wy. Also, as above, we have that
H)(£W;) lies in Wy.

We claim that there are no critical points in Wi. For, if ¢y € Wi, then we must have
—c) € —W; and so F)\ maps both £W; onto an open set () in two-to-one fashion. Now
lies in C — By and hence Q must be some connected component of this set, say @ = Wy.
Then we have k # 0 and all four preimages of any point in Wy lie in +£W;. But, since
F\(Hx(2)) = F\(2), there must also be preimages of these points in Hy(£W;) C Wy, as
we saw above. Thus we have more than four preimages for these points, so this cannot
happen. We conclude that there can be no critical points in Wy,

Thus we have that any additional component of C — By, cannot contain either a critical
point or a prepole of F\. Now we know that the set of components UW; excluding Wy is
mapped onto itself by F). But then either one of these domains must be periodic under
Fy or else we have no periodic domains in UW;. The former is impossible, since such a
periodic domain would necessarily have a critical point belonging to it, while the latter is
impossible by the Sullivan No Wandering Domains Theorem. See [Mil99].

We conclude that there are no other W; to start with in C — By, and so C — By, = Wy,

an open, connected, simply connected set as claimed.
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As a remark, the fact that there is only one component to the complement of By does not
preclude the existence of quadratic-like filled Julia sets with infinitely many pinch points.

These often reside as subsets of Wy as depicted in Figure 2.3.

Figure 2-3: The Julia set of F)\ when A\ = 0.01. For this A-value, F) admits an attracting
cycle of period 2. Note the black regions lying inside Wy that resemble the Julia set of
2% — 1, these are the basins of attraction of the two-cycle for Fy.

Corollary. Suppose zy € OBy NOT\. Then 2y is a critical point of F).

Proof: Suppose that zy is not a critical point of F\. Then F)(z) = wy has four distinct
preimages: £2zg and +2z; with 2y # £21. Let £U; be open neighborhoods of +2; and suppose
that the £U; are disjoint and that F)\(£U;) = W where W is an open neighborhood of wy.

Since zg € 0B), we may find a pair of external rays o and fy that land at distinct
points in Uy N 9B,. Let y{ao, By) denote the union of the external rays contained between
ap and fy (where we assume that the angle between these two rays is smaller than 7/2). We
may choose ag and Gy so that the closure of y(ap, fy) contains zp, i.e., that these external

rays land on either “side” of zp. The set —y(e, ) lies in B) and has similar properties
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near —zg.

Now 2 lies in 8Ty N 8B,. Hence %27 also lies in Ty N 9B, since Hy(+zy) = +2; and
Hy maps 9T, to 8By and 9By, to 0T). Thus we may find two other external rays a; and
(1 in B) such that a; and ) terminate in U; on either side of z; and, moreover, have the
property that y(ay,£1) is disjoint from +y(wp, fo). As above, —y(a1, f1) lies in By and
terminates in —U7.

Since +v(ap, fy) and £y(ay, f1) are disjoint, it follows that the images of these sets
are distinct. (Since F) is even we know that F)(y(o, 8;)) = Fa(—7(os, 8;)) and hence if
the images of these four sets were not distinct then there would exist points in By with
four preimages in B) and this cannot happen since F) is 2 — 1 on B).) Also, these images
accumulate near wg. Thus we have two disjoint intervals of rays in B) that accumulate on
0By, and both contain wy in their closure. It follows that there must be a subset R of 0B,
that is disjoint from the boundary of Wy and R is separated from Wy by these sets of rays.
(See Figure 2-4.)

Figure 2-4: The region R where F)(£v(o, 5;)) = A;

The set R cannot bound an open component of C — By, as we saw above. Hence R,
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which is separate from Wy, must have empty interior. But there must be preimages of this
region on the boundary of Wy, and so there must be points in Wy that map arbitrarily close
to these points. This is impossible.

We conclude that wg could not have had four preimages and so zy must have been a

critical point. 0

2.5 Proof of the Sierpinski Curve Criterion

In this section we investigate the general case where the critical orbit escapes through the
trap door into B). Here we complete the proof that, when this occurs, the Julia set is a
Sierpinski curve.

In this case F) is a rational map of degree d > 2 whose postcritical closure is disjoint
from its Julia set. IHence F) is dynamically hyperbolic. Since B) is a simply connected
Fatou component for Fy, we have that 0B, is locally connected and that the Julia set of
F) is connected and locally connected [Mil99]. Since B, is simply connected we know by
the Riemann mapping theorem that there is a conformal isomorphism % : D — By where

D is the open unit disk. The following result is well known. See [Mil99].

Theorem (Caratheodory). A conformal isomorphism 4 : D — U C C estends to a
continuous map from the closed disk D onto U if and only if the boundary OU is locally

connected.

This tells us that the Riemann map 1 : D — B, extends to a continuous map %Z :D—
B,. In particular, we have a continuous map from 9D to 8B). Therefore we know that all
external rays Ry (with ¢t € R/Z) in By, land on a single point in 9Bj.

This allows us to prove:

Theorem. 9B, is a simple closed curve.

Combining this result with the techniques described in Section 3 allows us to conclude

that J(F)) is a Sierpinski curve when the critical orbit escapes through the trap door.
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Proof: 0B, is a simple closed curve if and only if exactly one external ray lands at each
point in B). Assume this is not the case. Suppose that there exists p € B, such that
two external rays Ry, and Ry, land on p. Since these rays together with the point p form
a Jordan curve and W is connected and simply connected, we have that Wy lies entirely
within one of the two open components created by this Jordan curve. Without loss of
generality, assume that Wy is such that Wy N y(¢1,82) = @ (so Wy is “outside" the sector

v(t1,t2) between Ry, and Ry,).

Figure 2-5: A possible landing pattern.

We claim that there exist positive integers ¢ and n such that the region

g g+1
- — 11,1
’Y(n, p >C’Y(1,2)

and neither of R/, nor R(g41)/, land on 0Wy. If this is not possible then all rays with angle
s such that R, C y(t1,%2) land at p, This gives a contradiction because the set of s € R/Z

such that v(s) = p has measure zero [Mil99]. Therefore, if we have two rays landing at p,
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then we can find ¢ and n such that

qg g+1
=, — t1, 1
fY<’I’L, n >C7(172)

14 and neither of Ry, nor Ry,y1y/, land on 0Wy. (See Figure 2-5.)

Assume that we have such ¢ and n. As above, let v(¢/n, (¢+1)/n) denote the union of
the external rays contained between ¢/n and (g+1)/n. After n iterations y(g/n, (¢+1)/n) is
mapped over all of B,. In particular, if Ry is an external ray landing on 0W, we know that
there is a ray Ry € v(q/n, (¢ +1)/n) such that F7(Rg) = Ry. Since Ry € y(q/n, (¢ +1)/n)
we know that the landing point y(¢) is not on 8Wy. Hence there exists a neighborhood Ny
of y(¢) such that Ny N Wy is empty. However, since F}'(y(¢)) is on the boundary of Wy we
know that F{(Ng) N Wy is not empty. This is a contradiction since points not in Wy never
enter Wy. Hence, we can never have two rays landing at the same point on 0B,, implying

that 0B, is a simple closed curve.

0

Although the above was written for A such that the critical points escape, the results
also hold for the Misiurewicz case. In this case F) is subhyperbolic and all of the theorems
above hold with minor adjustments (i.e., all of the proofs depending on hyperbolicity still
go through when hyperbolicity is replaced by subhyperbolicity). Therefore we know that

OB, is a simple closed curve for the Misiurewicz case as well.




Chapter 3

Symbolic Dynamics for F\ when n=d =2 and J(F)) is a

Sierpinski Curve

In this section we discuss the dynamics of Fy when n = d = 2. Of particular interest is
the dynamical behavior of these maps on the Julia set of Fy, Jy = J(F)\). The following

Theorem was proved in [DLUO03]:

Theorem. There are infinitely many open sets O; in the A-plane for this family having the

following properties:

1. For each A € Oj, the Julia set of Fy is a Sierpinski curve; as a consequence, any two

of these Julia sets are homeomorphic.

2. Howewver, if A € O and p € O with j # k, then Fy is not topologically conjugate to

F), on their respective Julia sets.

In Figure 22 we display the parameter plane (the A-plane) for the family F\. The
bounded white regions in this figure contain parameters for which J(F)) is a Sierpinski
curve; we call these regions Sierpinski holes.

By the above Theorem, any two Julia sets drawn from Sierpinski holes in parameter
space are necessarily homeomorphic and hence these sets are identical from a topological
point of view. But there are infinitely many of these holes in which the dynamics are
different (i.e., the maps are not conjugate on their Julia sets). The basic reason for the
difference in the dynamical behavior is the following. In each Sierpinski hole, all of the
critical points of F)\ eventually escape to oo, which is a superattracting fixed point. That

is, the critical orbits eventually enter the immediate basin of attraction of co. If it takes

21
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a different number of iterations for the critical orbits to land in the immediate basin for
different maps, then the corresponding maps cannot be conjugate as shown in [DLUO03].
Since there exist Sierpinski holes in which the critical orbits escape after exactly & iterations
for each k > 3, this explains why we have different dynamical behavior in certain of these

regions.

Figure 3:1: The Julia set for F(z) = 22 — 1/162°.

However, this fact does not provide a method for understanding the dynamics on the
Sierpinski curve Julia sets of these maps. Our goal in this paper is to use symbolic dynamics
to provide a complete description of this dynamical behavior on these sets. Rather than
deal with the general case, we concentrate on a single example, namely when A = —1/16.
This A value is the center of the largest Sierpinski hole visible in the center of Figure 4-4.
The Julia set of F) when A = —1/16 is displayed in Figure 3-1. This parameter value
has dynamical behavior that is the simplest to understand, but it should be clear from the
analysis below how to extend this analysis to other, more complicated maps drawn from

different Sierpinski holes. Our main result is:
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Theorem. There is a quotient space X of the space of one-sided sequences on four symbols

on which the shift map is conjugate to the dynamics of F\ on its Julia set.

3.1 A Special Case

In this section we restrict attention to

F_1516(2) = 2 - l-Glz—i’
that is, the case where A = —1/16. We denote F_, /16 by F for the remainder of this paper.
In this section we give two especially simple examples of how symbolic dynamics can be
used to analyze the dynamics of F' on a pair of important invariant subsets of J. Later we
use these two subsets as the cornerstone of the more complicated analysis of the dynamics
on all of J.

The four critical points of F' lie at the points w/2 where w is a fourth root of —1. The
critical values are given by v = %i/2 and we have F'(+v) = 0. Thus the second iterate
of each of the critical points lands on the pole at the origin; this is what makes the case
A = —1/16 special. There are prepoles at +1/2 as well as at +:/2.

We first investigate the dynamics of FF on R. Note that F' preserves the real axis.
The graph of F' on this axis shows that there is a pair of repelling fixed points in R (see
Figure 3-2). Let p be the fixed point in R*. The graph of F' also shows that the orbit
of z € R tends directly to oo if |z| > p, so (p,00) and (—oo,—p) lie in B = B_;/;¢ and
+p € 0B.

Let I denote the interval [—p,p] and let T' be the set of points whose orbits remain in
I for all iterations. Let £¢ € I be the points for which F(£q) = —p so that F?(£q) = p.
If z € (—q,q) then F(z) < —p and F?(z) > p. Hence F"(z) — o for all z € (—q,q). This
interval is the trap door in R; any orbit in I that enters this open interval falls through the

trap door and then tends to co.
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Figure 3:2: The graph of F' on the real line.

Proposition. The set of points T' whose orbits remain in [—p,p] for all iterations is a
Cantor set, and F is conjugate to the one-sided shift map on two symbols on this set.

Moreover ' C J(F).

Proof: An easy computation shows that |[F’(z)| has a minimum in R at £3/4/2, and that
the minimum value of |F'(z)| is 3%/4 + 37%/4 & 1.75. Hence F is expanding on [—p, p]. Let
I, = [¢,p] and I, = [—p,—q|. Let %5 be the sequence space on the two symbols a and b,
and let S : I' = %9 be the itinerary map that assigns the sequence (sgs1s2...) to z € T’
where s; = a if F/(z) € I, or s; = b otherwise. Then standard arguments show that S is a
homeomorphism that conjugates F'|I' to the shift map on Xp. Therefore I' is a Cantor set.
Since the orbits of points in I' are bounded, it follows that I' is contained in the filled
Julia set of I'. The set of points in I' whose orbits eventually land on p are dense in I', and
these points lie in the boundary of the set of escaping points. Hence the closure of this set
of points, namely I', lies in J(F').
0
The preimage of R under F' consists of the real and imaginary axes; each of these axes
is mapped two-to-one over R, Hence there is a Cantor set on the imaginary axis that is

mapped in two-to-one fashion onto I' in R, and all other points on the imaginary axis lie
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in B.

The preimage of the imaginary axis consists of two sets: the four rays 0 = £7 /4, £37/4
and the circle of radius r = 1/2 centered at the origin. We call this circle the critical circle.
Note that the four rays meet the critical circle at the four critical points of F. A point on
the critical circle given by r = (1/2)e? is mapped to points of the form (i/2) sin(26) on
the imaginary axis. Therefore the critical circle is mapped in four-to-one fashion over the
interval [—1/2,1/2] on the imaginary axis (except at the endpoints). Each of the four rays
is mapped in two-to-one fashion over either [1/2,00) or (—o0, —1/2] on the imaginary axis.

We now investigate the behavior of F' near oco.

Proposition. The boundary of the basin of attraction of oo is an invariant simple closed

curve OB on which F is conjugate to the map z — 2°.

Proof: Let W denote the annulus given by 3/4 < |z| < 2. We claim that F is an expanding,
two-to-one covering map on W. To see this, first consider the circle r = (3/4)e?. For z on
this circle, we have

2
16 9

9
16

, 1 .
210 _e~210 < + <

[N=Sls
=~ w

IP(2)] = {

Hence F maps this circle strictly inside itself. If |2| > 2, then we have

1
> |2 — = > 1.5|2].

|F(z)l 2 |Z|2 - 16]2’!2 = 64

Therefore F' maps the circle |z| = 2 strictly outside itself and we have
[F"(2)] > (1.5)"|2|
for all n > 1 and |2| > 2. Therefore the entire region |z| > 2 lies in B.

If |z| > 3/4, we also have that

1

F > 2z —
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so it follows that F' is expanding on the annulus W. Since the critical points lie inside the
circle |z| = 3/4, it follows that F' is a two-to-one covering map on W, and F(W) D W.
Standard arguments then show that the set of points whose orbits remain for all iterations
inside W is a simple closed curve, and F' is conjugate to z% on this curve. Moreover, all
points outside this curve lie in B, and so this invariant curve is 0B.

0

As a consequence of this result, the boundary of the trap door is also a simple closed
curve in C, as are all other preimages of 9B. We denote the boundary of the trap door by
OT. Note that F' maps 0T onto OB in two-to-one fashion and that 97T is disjoint from 9B.
By the Proposition, we also have the fact that K(F') is the set of all points whose orbits
remain for all time on or inside 8B. We also remark that a similar result holds for other
A-values for which the critical orbit eventually enters T'; the proof is more complicated as
it involves quasiconformal surgery and the Measurable Riemann Mapping Theorem (see
[DLUO03]).

With an eye toward our discussion of the full symbolic dynamics on the Julia set, we
introduce the usual coding of orbits on OB. Let X} be the sequence space on the two symbols
0 and 1 (not a and b, as before). In X, we identify two sequences that begin with the same
finite string of digits and end in either all zeroes or ones. That is, if s = (sg...s,0) and
t = (sg...s,1), then we identify these two points in X4, Let 3} denote the corresponding
quotient space.

There is a natural conjugacy between the dynamics of F' on B and the one-sided shift
map on Y determined as follows. Let Ko denote the portion of B lying on or above
the real axis, and let K; denote that portion lying on or below this axis. Note that, by
our previous work, we know that 0B meets the real axis only at the points +p. We then
associate an itinerary S(z) in ¥ to each z € 8B by recording how the orbit of z visits either
Ky or K exactly as in the case of the dynamics on the real line. Since Ky N K = {£p},

it follows immediately that this assignment respects the identifications in 2’2 and yields a
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conjugacy.

Proposition. The itinerary map S gives a conjugacy between F|OB and the one-sided

shift map on the quotient space ¥,

3.2 Cantor Necklaces

One of the principal objects contained in the Julia set of F' is a Cantor necklace. To define
this set, let A denote the Cantor middle thirds set in the unit interval [0,1]. We regard
this interval as a subset of the real axis in the plane. For each open interval of length
1/3™ removed from the unit interval in the construction of A, we replace this interval by a
circle of diameter 1/3™ centered at the midpoint of the removed interval. Thus this circle
meets the Cantor set at the two endpoints of the removed interval. We call the resulting set
the Cantor middle-thirds necklace (see Figure 3-3). Any set homeomorphic to the Cantor

middle-thirds necklace is called a Cantor necklace.

-O'OOQO'O'O -O-OQ-O w0

Figure 3:3: The Cantor middle-thirds necklace.

There is a natural invariant Cantor necklace contained in J(F'). Recall that dT is
mapped in two-to-one fashion onto dB. Moreover, 97" meets R only at the two points £q.
There are four preimages of 7' in C, but only two of them meet R. These two preimages of
T meet the real axis in the two open intervals that were removed at the first stage of the
construction of the invariant Cantor set I' described in the previous section. Hence their
boundaries are simple closed curves that meet I' in two points that are the preimages of

+gq. Since OB and 97T are disjoint, it follows that these two curves are also disjoint from 0B
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and 8T. Continuing in this fashion, at the nt® stage, we replace the n'* intervals removed
in the Cantor set construction with the corresponding n‘* preimage of 8T. The resulting
set is then a Cantor necklace N, and N' C J(F') since every point in this set lies in the
closure of UF™(B).

Now consider B U N. This set is invariant under F. Any point in the Cantor set
portion I' of A has orbit that remains in I', whereas any other point in A/ eventually maps
to OB, where the orbit is then trapped. We could use symbolic dynamics to expand our
previous symbolic description to this set, but we will instead take a wider viewpoint and

use this set as the skeleton of a larger symbolic description.

3.3 Symbolic Dynamics on the Julia Set

In this section we give a symbolic description of the itinerary of each point in the Julia
set of F'. Let A be the closed annulus bounded by 0B and 07. All points in J(F') are
contained in A. Indeed, J(F') is A minus all of the preimages of 7. We divide A into four
overlapping closed sets Iy, I1, Iz, and I3, each of which is a semi-annulus. I and I lie in
the upper half plane while I; and I3 lie in the lower half plane. Iy and I; are bounded by
portions of 9B, the critical circle, and R, while I, and I3 are bounded by portions of 97T,

the critical circle, and R (see Figure 3-4).

OB
@
I3 I

Figure 3-4: The regions I; for j =0, 1,2, 3.
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Note that F' maps each I; onto all of C— B. For example, the boundary of Ij is mapped

by F' as follows:
1. Iy N OB is mapped one-to-one to all of 9B (two-to-one to p);
2. IpNR* is mapped one-to-one to [0, p] C RT;
3. Iy N R~ is mapped one-to-one to [—p,0] C R™;

4. the portion of the critical circle bounding I is mapped two-to-one to the interval

[~v,v] on the imaginary axis.

Let 2 denote the set of one-sided sequences on the four symbols 0,1, 2, and 3. We assign
a sequence S(z) = (s9s182...) € X to each z € J(F) in the usual fashion so that the entry
s8;j = k if and only if F7(2) € Ij. S(z) is the itinerary of z. Since F(I;) D C— B for each j,
it follows easily that there is at least one point in C — B associated to each sequence in X.
These points have bounded orbits and so must lie in J. So S gives a map from J(F) onto
2.

In order for S to capture the precise dynamics of F' on the Julia set, we need to modify
this picture in several ways. First, certain points in J(F') correspond to two different
sequences since the I; overlap, so we must first make a number of identifications in X,
much as we did earlier on dB. Second, F' will not be conjugate to the shift map on this
quotient space, but rather to a “quotient” of the shift map.

We first modify ¥ to take into account the identifications necessary along 0B. As is
Section 3, we identify any pair of sequences in ¥ of the form (sgs1 ... $,0) and (spsy ... s, 1).

Let X! denote the resulting quotient space. Then we have:

Proposition. Let s = (sgs182...) € B! be a sequence consisting of only Os or 1s. Then

there is a unique point in J(F) whose itinerary is s and this point lies in OB.

Proof: Let Iy,,. s, denote the set of points whose itinerary begins sgsy...s,. If each

of the s; is either 0 or 1, then Iy, .5, is a closed, simply connected set that is properly
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contained in Igys,..s,_, and F™ maps Iy, s, in one-to-one fashion onto I;,. Note that
each Iy, .., intersects 0B in an arc. Using the appropriate branches of the inverse of F,
we have that F~" is a contraction in the Poincaré metric on I, taking I, onto Igys;..s,-
Hence the intersection of these sets as n — 00 is a unique point which necessarily lies in
0B, and this point has the itinerary s.
n
The description of the further identifications that must be made in 3! is more compli-
cated. The reason for this is that the sets Is,...s,, are not always simply connected if the s;
involve 2s or 3s. For example, the interior of the set Igs consists of two disjoint components

whose boundaries meet at a single critical point.

3.4 Symbolic Dynamics on the Real Line

To describe the further identifications in %!, we begin on the real axis. Note that our
previous symbolic description of points in J(F)NR (using the symbols a and b) is no longer
valid. Now we have four symbols describing such points and each point in J(F) N R will
have two distinct symbolic representations.

Recall that NV denotes the Cantor necklace lying along R and that I" denotes the Cantor
set given by N NR. We have F(N) = N U8B. If we remove the set of points in N whose
images do not lie in V, then we are left with a pair of Cantor subnecklaces, one to the left of
the trap door T' (extending from —p to —q along R™) and one to the right of T' (extending
from ¢ to p along R"). Indeed, we simply remove the upper and lower open semicircles on
the boundary of T' (i.e., 0T — {%q}) from N to produce these subnecklaces.

The preimage in R of this pair of subnecklaces then consists of four Cantor subnecklaces,
and then the preimage in R of these subnecklaces consists of eight subnecklaces. Call this
set of eight subnecklaces N,

Points that lie the upper or lower portions of a subnecklace in N’ can be distinguished

using a pair of symbols. Recall that I,s denotes the set of points in J whose itinerary
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begins with the string a8. Each of the eight subnecklaces in A is associated to a pair of
distinct Ing; one of the I,p contains all points in the upper half of a subnecklace in N7, the
other to the bottom half. Using the dynamics of F' on R, we see that the upper pieces of

the subnecklaces in A7 are contained from left to right in
To1, Lo3, 123, 21, 120, 122, Loz, Loo-
The bottom pieces are contained from left to right in
To, 12, I32, I30, 131, 133, I3, I11-
Applying F, we then see that, for example,
F(Io) D Ioo U Ipg

and

F(Igg) D I3 U I3p.

This implies that points in Igg have itineraries that begin 000 or 002 while points in Iog

have itineraries that begin 230 or 232. We write this more succinctly as
00 — 00{0,2} and 23 — 23{0,2}.
A straightforward computation shows that we have, in order,
00 — 00{0,2}, 02 — 02{0, 2}, 22 — 22{1,3}, 20 — 20{1, 3},

21 — 21{0,2}, 23 — 23{0,2}, 03 — 03{1,3}, 01 — 01{1,3},

11— 11{1,3}, 13 — 13{1,3}, 33 — 33{0,2}, 31 — 31{0, 2},
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30 — 30{1,3}, 32 — 32{1,3}, 12 — 12{0,2}, 10 — 10{0,2},

Note that, in this recipe, if an even digit is preceded by a 0 or 1, then the following digit
must also be even. If the even digit is preceded by a 2 or 3, the following digit must be odd.
Similarly, an odd digit preceded by 0 or 1 is followed by an odd digit while it is followed by

an even digit if preceded by a 2 or 3. More succinctly, we have:

Proposition (The Criterion for Real Itineraries.) Suppose s = (sps152...) is a sequence

that corresponds to a point in J NR. Then for each j, s; satisfies
1. If s; =0 or 1, then sj;1 and s;yo have the same parity;
2. If s; =2 or 3, then s;jy1 and sjio have different parities.

Conversely, any sequence that satisfies this rule for each s; corresponds to a unique point

m JNR

We say that a sequence in X! corresponds to a real itinerary if it obeys this criterion
for all j. Using the criterion for real itineraries, we can now “identify” all of the sequences
corresponding to points in JNR. Let R : X! — X! be the map that exchanges 0’s and
1I’s or 2’s and 3’s in each sequence in X', Then we have that, if s € X! corresponds to a
point in JNR, then R(s) also corresponds to such a point and, moreover, these two points
are the same. Therefore we identify any two such sequences in $!. Note that, under this
identification, the sequences (0) and (1) are identified, as are (01) and (10). These represent
the two points where this new identification coincides with the previous identification.

Now suppose we have a sequence in X! that does not correspond to a real itinerary.

Then there are two possibilities:

1. Either there are only finitely many s; for which the criterion for a real itinerary fails,

or

2. There are infinitely many s; for which this criterion fails.
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In the first case, such a sequence must be of the form

(So o Spbppitntg .- )

where n is the largest digit for which the criterion for real itineraries fails. We say that
n is the real itinerary marker. If the real itinerary marker is 0, then any point with such
an itinerary lies along the imaginary axis. Any such point corresponds to two distinct
itineraries having the form (4, (s)) and (j, R(s)) where j = 0,1,2, or 3 and s is a sequence
that corresponds to a real itinerary. Therefore we identify these two sequences in X! as
well.

If the real itinerary marker is 1, then the situation is different. In this case the corre-
sponding points in J lie either on the critical circle or on the four straight rays connecting
the origin to oo and passing through one of the critical points. The points lying on the
critical circle are mapped to the portion of the imaginary axis in Is U I3 while the other
points are mapped to the portion in Iy U I;. The former case presents a problem since
points on the critical circle lie on the boundaries between two of the I;; we deal with this
more complicated case in the next section. In the latter case, the itinerary of such a point is
either (sg, 7, (s)) or (so, J, R(s)) where j =0 or j =1 and s is a sequence that corresponds
to a real itinerary. Hence we identify two such sequences as above.

Finally, if the real itinerary marker is j > 2 and s; = 0 or 1, we have a similar pair
of sequences that correspond to the same point. Again these two sequences are identified.

With all of these identifications, we now have a quotient space of %! that we call ¥2.

3.5 Symbolic Dynamics on the Critical Circle

The only other points where the I; intersect lie along the critical circle, so we now describe
the identifications that these intersections cause in ¥2. Sequences that correspond to points

on the critical circle have the form (sg, 7, (s)) where j = 2 or § = 3 and s corresponds to a
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real itinerary.

Let C denote the critical circle. Recall that # maps C four-to-one onto the portion of
the imaginary axis lying between the two critical values +v. One of these critical values is
located at the intersection of Iy and Iy on the positive imaginary axis; the other is located
at the intersection of I7 and I3 on the negative imaginary axis.

Recall also that F' maps the portion of the imaginary axis lying in Iy in one-to-one
fashion onto the interval [0, p] where we recall that p is the fixed point in R* and ¢ is the
preimage of —p lying in RT. So there is a Cantor subnecklace along this portion of the
imaginary axis that is mapped onto the portion of the Cantor necklace N along the interval
lg,p]. We call this subnecklace U. There is a similar Cantor subnecklace V = —U in I3

that is also mapped homeomorphically onto the same portion of A (see Figure 3-5).

0B

Figure 3:5: The Cantor subnecklaces U and V.

For simplicity, in our figures we will henceforth represent the subnecklaces U and V by
lines (see Figure 3-6).

U can be divided into two equal sized subnecklaces which we will denote Uy, and U,y
with Uy lying above U;, on iR, We create this division by removing the set in U that
is mapped onto T — {%g¢} in two iterations. Likewise, let Vi, = —Uj, and Viys = —Upus
(see Figure 3-7). Any point in the Cantor set portion of these subnecklaces lying in I j has
itinerary (jsosi...) where each entry in the sequence (sgs1s3...) satisfies the criterion for

a real itinerary but the initial digit § does not, so the real itinerary marker is 0.




Figure 3:6: The Cantor subnecklaces U and V represented by lines.

O
Figure 3-7: Location of Us, and U,y within C.

For the identifications that occurred along the real line we needed distinct notations for
the upper and lower pieces of the Cantor necklace along R. Similarly, we will speak of the
left and right pieces of U and V. Our convention will be that points in the right pieces
have nonnegative real parts while points in the left pieces have nonpositive real parts. For
example, we will denote the left piece of Uyt by Ugout,ry and the right piece by Uoys,r)-
Since U C Iy and V C I3 it follows that any point in U has itinerary that begins with 2
while any point in V has itinerary that begins with with 3. It is a matter of computation to

see that F'(Uut,r)) C I2 and that F(2)(U(out, R)) is contained is Iy or I. Hence, itineraries
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of points in Uygy, gy must begin with 220 or 222. We will write this as
Uout,r) — 22{0,2}.
Adopting this notation we compute immediately that
Utout,r) — 2240, 2}, Utour,z) — 23{1, 3}, Ui,y — 21{1,3}

U(in,R) - 20{07 2}7 V(in,R) - 31{17 3}7 Vv(out,R) - 33{17 3}
V(in,L) — 30{0, 2}, V(out,L) — 32{0, 2}.

We turn now to the identifications in $2 corresponding to points in C. Recall that C' is
mapped four-to-one onto the interval [—v,v] on the imaginary axis. Consider the preimage
of the Cantor necklace U along the critical circle. This preimage consists of four Cantor
necklaces, two in each of the first and third quadrants. Each of these preimages is mapped
one-to-one onto U. Similarly the necklace V has four preimage necklaces, two each in the
second and fourth quadrants. Let Cj denote the two preimages of U lying in the first
quadrant. Continuing counterclockwise from Cj, we label the other preimages of U or V

by Cy,Cs, and C4 (see Figure 3-8).

0B
Cy —(—Ch

[

f
g
Cs Cy

Figure 3-8: The location of the Cantor subnecklaces C; for 1 =1,2,3,4.
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Note that C; and Cj lie along the critical circle separating Iy from Iy while C3 and
C4y lie on the critical circle separating I; from I3. We next break each of the C; into four
equal sized subnecklaces by removing the middle preimage of T from each. Equivalently,
we consider the preimages of the smaller subnecklaces Uiy, Uput, Vin, and Vg, This yields
sixteen Cantor subnecklaces lying along the critical circle, each of which is mapped to the
one of the subnecklaces on the imaginary axis. Each of these sixteen subnecklaces has two
pieces; one outside C and one inside C. The outside piece of C; that lies in Iy and meets
the preimage of T along Rt is mapped to Utin,r)- Starting at this piece and continuing
counterclockwise along the critical circle, the outer pieces of the sixteen Cantor subnecklaces

lying in Iy U I} are mapped to

U(in,R)a U(out,R)a U(out,L)> U(z'n,L)7 I/'(in,L): ‘/(out,L)a ‘/(out,R)a V(in,R):

U(in,R)a U(out,R)7 U(out,L)7 U(in,L)a V(in,L)7 Wcut,L)a Vv(out,R)a ‘/(z'n,R),

respectively. Figure 3-9 shows the pieces of C) in Iy (as well as the pieces in I5) marked by
where they are mapped via F'. The first eight of these pieces of necklaces live in Iy while

the second eight live in Iy, giving us itineraries that begin, in the above order, with
020{0,2}, 022{0,2}, 023{1,3}, 021{1,3},

030{0,2}, 032{0,2}, 033{1,3}, 031{1,3},
120{0,2}, 122{0,2}, 123{1,3}, 121{1,3},

130{0,2}, 132{0,2}, 133{1,3}, 131{1,3}.

Now, starting at the inner piece of C'; that lies in Iy and intersects the preimage of 9T

on the positive real axis and continuing counterclockwise along the critical circle we see
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Figure 3-9: The locations of the eight pieces of C| marked via their images.

that the inner pieces of the sixteen Cantor subnecklaces lying in Iy U I are mapped to

U(in,L)a U(out,L)7 U(out,R)7 U(in,R)7 Win,R)a ‘/(out,R)> Vv(out,L)a Vv(in,L))

U(in,L)7 U(out,L)a U(out,R)a U(z'n,R)a Vv(in,R); Vv(out,R); ‘/(out,L)a V'(in,L)a

respectively. The itineraries of points in these sets begin

221{1,3}, 223{1,3}, 222{0,2}, 220{0,2},

231{1,3}, 233{1,3}, 232{0,2}, 230{0,2},
321{1,3}, 323{1,3}, 322{0,2}, 320{0,2},
331{1,3}, 333{1,3}, 332{0,2}, 330{0,2}.

Note that the second entry for all 32 of these itineraries is either a 2 or a 3. This is because
the critical circle is mapped onto the portion of the imaginary axis between the boundary
of the trap door and the critical value, and this region is in I, U I3.

With this information, we can now identify the itineraries of points lying on the critical

circle.
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Proposition (Criterion for a Critical Circle Itinerary.) Any point in J(F)NC has itinerary
of the form (sgs182...) where the real itinerary marker is 1 and either sy = 2 or s; = 3.

Conversely, any itinerary that satisfies these conditions corresponds to a point in J(F)NC.

Finally, let s = (sps152...) be a sequence in %2 corresponding to a point in J N C and

let H : ¥? — %2 denote the map that changes sy and sj for each j > 2 as follows:
1. Os are interchanged with 2s and 1s are interchanged with 3s in sg,
2. Os are interchanged with 1s and 2s are interchanged with 3s in s; if j > 2.

If s € %2 corresponds to a point in J N C then H(s) also corresponds to such a point
and, moreover, the points corresponding to s and H(s) are the same. Hence we identify
these sequences in Y2, Similarly any pair of sequences whose first n entries are the same
and whose tail is one of these two identified sequences should also be identified in 2. This
then gives a new quotient space 3.

We remark that there are two points in (7 that are mapped to the same point on
the imaginary axis. If one of these points corresponds to the identified sequences (02s)
and (22R(s)), then the other point corresponds to the pair of identified sequences (22s)
and (02R(s)). So the sequences corresponding to the images of these points are (2s) and
(2R(s)), both of which have already been identified in 3.

Note also that the sequences that have been identified to form the quotient space %3

correspond to points in J(F') whose orbits eventually land in the invariant Cantor set in R.

3.6 Symbolic Dynamics

Given all of our work constructing the space %%, we can now prove:
Theorem. The map F on J(F) is conjugate to the shift map on the quotient space 3.

Proof: Recall that A is the annulus bounded by 0B and 97T, i.e., the closed annulus
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between the basin of co and the trap door. Let s = (sgs182...) € ©® and recall that
Iiysy.s, ={2€ Alz € I, F(2) € I5,,... ,F"(2) € I, }.

As we have seen, I; is a closed set that is homeomorphic to a closed disk for each j. We

also have

ISOSL..Sn C 13081-.-311—1 c--C IS()

for each n. If F' were one-to-one on each I, then we would have a well defined branch of
F~ Isn — Isosl...sn

and this map would then be a contraction in the Poincaré metric on these spaces. Standard

arguments would then show that
o0

m Isos1.‘.sn

n=0
is a unique point with the given itinerary, and this would then give the conjugacy.

Unfortunately, F' is not one-to-one on I;. However, the only places where this fails is
on the portions of the boundary of I; that meet the critical circle and the real axis. We
remedy this situation as follows.

For clarity, let us restrict to Iy; the other cases are similar. Consider the subsets of I
of the form Io;. We now stipulate that Ip; corresponds to a closed subset of Iy that meets
the interior of Iy, i.e., this set itself has interior. This eliminates certain intervals from Io;
along the real axis that previously made up portions of Ip;. In particular, every point in
R N Iy now belongs to a unique Ip;. So the map F': Ip; — I; is now one-to-one on R.

Next note that Iys and Ips now consist of a pair of closed disks that are joined at a
single critical point. Preimages of these sets have a similar structure. On the other hand,
both Igg and [y are now homeomorphic to a closed disk. So we now adopt the convention

that Igo is one of these two closed disks. That is, two sets bear the name Ig. We make the
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same convention for other sets Igys,. s, that are similarly joined at isolated points. This
presents no ambiguity since F' maps one of the sets Iy onto the portion of Iy lying in the
right half plane and F maps the other set Ipg to the left half plane. Hence one of the sets
Igo contains only Ipoe and Iggg while the other contains only Igs; and Ipes. That is, the
subsequent digit in the sequence s determines which disk to consider in the chain 55, .5,
The set Iys has similar properties.

With this specification of Iy, ..s,, it now follows that F™ : Iy, .5, — Is, is one-to-one

for each n. This completes the proof.




Chapter 4

Buried Sierpinski Curve Julia Sets

In all of the previous cases where the Julia set is a Sierpinski curve, the complementary
domains (or the Fatou components) are always preimages of the immediate basin of at-
traction of oo, which is a superattracting fixed point for these maps (provided n > 2).
In this chapter, we exhibit a similar infinite collection of dynamically distinct Julia sets,
but now the Fatou components are quite different. Instead of being preimages of a single
superattracting basin at co, we give examples where the complementary domains consist
of a collection of a number of different attracting basins together with the basin at co and
all of the preimages of these basins. As before, we prove that the dynamics on these Julia
sets are all distinct from one another as well as from those mentioned above, but again, all
of these Julia sets are homeomorphic.

For simplicity, we restrict attention in this chapter to the special family Fy(z) = 22+)/z2.
At the end of the chapter, we describe generalizations to other higher degree families of the

form 2" + A/z%. In Figure 4-1, we display the Julia set of F when \ = —0.327. For this

Figure 4-1: The Julia sets for A = —0.327 and A = —0.5066.

42
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map, there are attracting basins of period 3 and period 6 together with the basin at oo.
We also display the case where A = —0.5066 for which there are three different attracting
basins of period 4 together with the basin at co. In these figures, the black regions represent

the basins of the finite attracting cycles while the white regions form the basin of co.

4.1 Preliminaries for F), when n=2,d = 1.

Consider the degree three family of rational maps of the complex plane given by Fy\(z) =
2% + \/z where ) is a parameter. There are four critical points for F), one at co and the
other three of the form w¥cy where ¢y = (A/2)!/3 is one of the finite critical points and w
is a cube root of unity. So the critical points are arranged with three-fold symmetry about
the origin. Similarly, the critical values are arranged symmetrically with respect to w and
are given by wFuvy where

Uy = 55375/\2/ 3,

There are also three symmetric prepoles given by (—\)/3.

Here, Fy(wz) = w?F)(z). Therefore, as before, the orbits of points of the form w’z all
behave “symmetrically” under iteration of F. Further note that, when X is real, F)(z) =
—F—;zgj, and therefore the orbits of the points z and Z also behave symmetrically in this case.

In this work we shall restrict attention to the case where A € R™. For these A-values
there exists a unique critical point in R~ which we call ¢ = ¢()). Since R is mapped to itself
by Fj, it follows that F}(c) € R for all n > 0. By symmetry there is a critical point on each
of the two lines wR and w?R. Note that F) : wR — w?R and vice versa. We call the three
lines R, wR, and w?R the symmetry azes. While the orbit of ¢ is trapped in R, the other
two critical orbits jump between wR and w?R at each iteration. Therefore, if there is an
attracting n-cycle on R, this cycle attracts only ¢. By symmetry, there must be attracting
cycles on wR U w?R that attract the other two critical points. Since F\(Z) = Fj(z) and
Fy(wz) = w?F)(z), if there is an attracting n-cycle on R, then wR U w?R has either an

attracting 2n-cycle (when n is odd) or a pair of symmetric n-cycles (when n is even). Since
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there are only three (finite) critical points, it follows that, if there is an attracting n-cycle
on R, these are the only other possibilities for attracting cycles in C.

Consider the intervals connecting the critical values to 0 along each of the three sym-
metry axes. These intervals lie in the rays w/Rt for 5 = 0,1,2. One checks easily that
the preimage of the union of these intervals contains a simple closed curve x that sur-
rounds the origin. All three of the critical points lie in x as do the three prepoles. See
Figure 4-2. We call  the critical curve. Now consider the three rays given by R™ and its
two symmetric images under z — wz. These three rays divide the region inside & into three
sectors which we call the critical sectors. We denote by Sy the critical sector that meets the
positive real axis. A straightforward computation shows that F\ maps Sy onto the sector

27/3 < Argz < 47/3 in one-to-one fashion.

Prepole

/
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/

Crit. Pt.

Figure 4-2: The critical curve and critical sectors.

Defining B, and T as before we have:

Proposition. Both By and T\ have 3-fold symmetry, i.e., if z € By, then wz € B), as

well,




45

Proof: Let U C By be the set of points z in B) that have the property that the point
wz also lies in By. U is an open, nonempty set since Bj contains an open neighborhood
around oco. If U # B, let 29 € OU. Then zy € B) but wzy ¢ B). Hence wzy € 0B).

Therefore F}(zg) — oo whereas F}(wz) 7 co. But
Fi(wz) = inFi(zo) — 00.

This gives a contradiction.

The case of T} is similar.

(]

By symmetry of By, if one of the critical points lies in B}, then all of the critical points
do. The same is true if one of the critical points lies in the 7** preimage of Ty, Fy YY),
with ¢ > 0. In this case, it is known that each set F (Ty) has multiple components and
the critical points always lie in different components [DLU03].

We will further restrict attention to the case where F\ has an attracting cycle on R,
and hence all three critical points are attracted to cycles. Therefore we are in case 2 of the
Escape Dichotomy and so J(F)) is connected.

The graph of F on R shows that B meets R in the intervals (p()), 00) and (—o0, ¢(})),
where p()\) is the fixed point in R* and g()) is the leftmost preimage of p(A) in R™. See
Figure 4.3.

There are no points in [g(A), p(A)] N By since, by the Z symmetry, By would then not be
simply connected, or equivalently, J(F)) would not be connected. That would contradict

the Escape Dichotomy Theorem.

4.2 Existence of Superattracing Cycles

In this section we will show that there is a sequence A, € R™ with n = 3,4,... having the

property that F)_  has a superattracting cycle of period n lying in R. We will later prove
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ax b

Figure 4-3: The graph of Fj.

that J(F),) is a Sierpinski curve.

Let A\* = —16/27. A straightforward calculation shows that Fj» has a repelling fixed
point at 4/3. The critical point on the real axis for this map is given by —2/3 and the critical
value is 4/3, so for \* the real critical point of Fy» maps to the fixed point p(—16/27) = 4/3.

We consider nearby A-values. The critical point on the real axis is given by ¢(A) =
(A/2)'/3 and the critical value is given by

3
’U()\) = %AQ/E;'

Recall that p(A) is the real fixed point for Fy. The graph of F) shows that p(\) > 1

when A < 0. Now p()) satisfies the equation

(p(A)* = (p(A)? + A =0.
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Using this we derive
-1

3(p(N)? — 2p(N)

so that p'(\*) = —3/8. Using the fact that p(A) > 1 it follows that —1 < p'(A) < 0 for all

P =

negative \. Also, since

3
’l)()\) = 5575‘)\2/3,

we have

v'(N) = (2/N)Y? < -1

as long as —2 < A < 0. Therefore it follows that for A € (A\*,0] = (—16/27,0], v(\) decreases

faster than p(\), and so v(A\) < p()) for these values of the parameter (since p(A*) = v(A*)).
Proposition. There exists a decreasing sequence A, for n > 3 with A, — X* and having the
property that Fy, has a superattracting cycle of period n given by x;(An) = Fi, (2j-1(An))

where
1. zo(Mn) = zp(An) = c(An), and
2. 20 <0< zp 1 <Tpo< <21 = ’U()\n) <p(>\n).

Proof: If 0 < z < p()), then the iterates Fg(a:) decrease with j as long as F/{_l(m) remains
positive. In particular, we may choose A close enough to A* so that the forward orbit of
v(A) remains in the interval (0,p())) for as many iterates as we desire.

We claim that there exists a sequence p, with n > 2 satisfying
L B (e{s)) = 0, and
2. 0 < Ff,(c(pn)) < plpn) for j=1,...,n— 1.

To see this, note first that s may be chosen to be —4/27. Define G () = F(c()N)).
So Ga(u2) = 0 while G2(A*) = 4/3. Then G3 maps the interval (\*, ug) over the entire half
line (—o0,4/3), so that there exists pg with A* < pg < po and G3(us) = 0. Continuing

inductively yields the sequence py,.
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Now consider GG, on the interval (pin, in—1] for n > 3. G, maps this interval over at
least the negative real axis since Gp(tn) = 0 and Gp(pn-1) = Fy,_,(0) = —o0, so there

exists a A\, in this interval with G,,(\,) = ¢(\,). This yields the parameters A,.

4.3 Buried Basins

In this section we fix a particular parameter value A = A, for which F) has a superattracting
periodic point zp = ¢(A,) lying in R™ as described in the previous section. Let A; denote
the immediate basin of attraction in C of z; = Fg(wo). So F)J\'(AO) = A;. Let C; = wA;
and Cji, = w2Aj. The C; are the basins of the nonreal superattracting cycle(s), but the
indexing here does not necessarily correspond to the iteration, i.e., it is not in general true
that FK (Co) = Cj. Also, recall from Section 1 that the C; surround a pair of attracting
n-cycles when n is even and a single attracting 2n-cycle when n is odd.

We say that a basin of attraction of F) is buried if the boundary of this basin is disjoint
from the boundaries of all other basins of attraction (including B)). Note that, if the basin
of one point on an attracting cycle is buried, then so too are all forward and backward
images of this basin, so the entire basin of the cycle is buried. Our goal is to show that all
of the basins of F are buried. To accomplish this, it suffices to show that Ag and B, are
buried, for if that. is the case, then all forward and backward images of Ag and B) are also
buried. By symmetry, the basins of the symmetric cycles are also buried since each Cj has
the form w®Ay, for some ¢ and k.

We begin by showing that Ay and 0B, are disjoint. Recall that, in Section 1, we
showed that the interval [g(A), p(A)] does not meet By, but that g(A\) and p(A) lie in dB),.
By symmetry, the corresponding intervals on the other two symmetry axes also do not
meet B). We claim that the endpoints of these three intervals are the only points in the

intersection of 9B and the symmetry axes:

Proposition. The boundary of By meets each of the symmetry azes in ezactly two points,

namely p(A\) and q(\) or their symmetric images.
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Proof: It suffices to consider the case of R. Recall from Section 1 that By N [g(A), p(N)]
is empty. Suppose yo € RN OB, and yp # p(A),q(A). Then either yy or y; = F)\(yo) lies
in the interval (0,p()\)) since F) maps R~ to RT. But then, since F) is decreasing on R,
there is a first point y,, = F}(yo) such that y, € (0, (—=\)1/3) where we recall that (—))'/3
is the prepole in RT, i.e., F,\(—/\l/?’) = (. We have that y,, € 0B, since 0B, is invariant.

Now recall that the critical sector Sy is the region bounded by the rays w?t, wt, and a
third of the critical curve, where ¢(\) < ¢ < 0. The vertices of this “triangular” region are
given by 0 and the two nonreal critical points of Fy. We claim that B) cannot meet the
boundary of Sp. To see this, note that the straight line boundaries of Sy lie strictly inside
the symmetric images of [g(A),p(A\)] on the nonreal symmetry axes, so B) misses them.
Also, the portion of the boundary of Sy on the critical curve is mapped by F) onto the
intervals between 0 and the critical value along wRt and w?R*. But these intervals are
contained inside the symmetric copies of [0,p())) in these rays. Hence there are no points
in B) on this part of the boundary of Sy as well.

Now since ¥, lies in the interior of Sy and also on 9By, it follows that there are points in
B, inside the set S. But since B) is connected and extends to oo, it follows that there are
points in B) that also lie on the boundary of S. This contradiction establishes the result.

i

In particular, note that the proof of this result implies that 0B does not meet the the
critical curve, for otherwise the image of such a point would lie in one of the symmetric
copies of (q(\),p(})), in contradiction to the previous Proposition. The same is true for
0T). Since the critical circle therefore surrounds T, it follows that 9By N dT) is empty. It
follows immediately that none of the preimages of 9By meet 9B,

Now we show that 0B) N 0A; is empty. We first observe that the basins A; cannot
intersect the nonreal symmetry axes. This follows since any point on these two symmetry
axes must remain on the union of these axes for all iterations and hence the orbit of this

point cannot tend to a (non-zero) cycle in R. The A; miss 0 since 0 maps to co. Now the
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point &1 on the real superattracting cycle lies in the interval (0, (=))'/3) since this is the
subinterval of RT that is mapped to R~. Consequently A,_; must intersect the critical
sector Sg. But the interior of A,_1 cannot meet the boundary of this sector for, as in
the previous Proposition, this boundary is mapped to the nonreal symmetry axes. Hence
OA,_1 is contained in the closed set Sy and therefore must be disjoint from 8B). Therefore

all of the basins A; have this property and we have proved:
Proposition. The boundaries of By and the A; are disjoint.

By symmetry, it follows that the boundaries of By and the C; are also disjoint. Next

we have:

Proposition. The basins A; and all of their preimages have disjoint boundaries.

Proof: This result follows immediately from the fact that 84,1 lies in the closed set Sy
and therefore is contained in the half plane Rez > 0 (note that the origin is not in 9A4,_1).
At the same time, 0Ay is contained in Rez < 0, for otherwise this basin would meet a

nonreal symmetry axes. Hence 34 is disjoint from 8A4,,_1 and the result follows.

O

To complete the proof that all basins of attraction are buried, we must show that
9C, N OA; = @ for all k,j. To see this, we first observe that a given Cj cannot intersect
both nonreal symmetry axes. If this were to happen, then we would have a pair of points
inside C} whose iterates always lie on different nonreal symmetry axes and so these two
orbits could not lie in the same immediate basin of attraction. Now there are 2n—2 C}’s that
lie completely in the “left” sector J, defined by n/3 < Argz < 5m/3 and there are only two
Cy’s that are completely contained in the “right” sector Jg given by —27/3 < Argz < 2n/3.
Recall here that n > 3, so there are more C’s in J, than in Jg. Similarly, there is only one
Aj, namely Ay, in Jy,, while the remaining n—1 A,’s lie in Jg. It follows that if the boundary
of some C}, meets d Ay, then some subsequent iterate F}(Cj) must lie in Jy, whereas F(Aq)

lies in Jg. This uses the fact that n > 3. But we must have F}(9Cy) N Fi(04g) # 0.
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Therefore the basin F/{(C’k) must intersect both of the nonreal symmetry axes. Since this
cannot happen, it follows that dCy must be disjoint from dAp and hence from each 0A4;
for all 7 and k. This completes the proof of the fact that all of the attracting basins of F)

are buried.

4.4 Sierpinski Curves

In this section we complete the proof that J(F),) is a Sierpinski curve for each n. Again
we fix n and write A = A,.

We need to show that J(F)) is compact, connected, locally connected, nowhere dense,
and the boundaries of all the Fatou components are disjoint simple closed curves. We
remark that, for topologically constructed Sierpinski curves, the difficulty that usually
arises in showing that a set is a Sierpinski curve is proving local connectivity or nowhere
density. But complex dynamics makes the proofs of these properties easy.

First, J(F)) is compact and connected since J(F)) is the complement of the union of
countably many open, simply connected basins of attraction and their preimages. Since
J(F)) omits these basins, it follows that J(F)) is not the entire Riemann sphere and hence
contains no interior points implying that it is nowhere dense. Finally, since all critical
points lie on attracting cycles, it follows that F) is hyperbolic on J(F)) and so the Julia set
is locally connected. See [Mil99] for details. It remains to prove that the boundaries of the
basins are simple closed curves, as the previous section guarantees that they are mutually

disjoint. This is straightforward for the bounded basins.

Proposition. The basins of attraction A; and Cy, have boundaries that are simple closed

CUrves.

Proof: We prove this for Ap; the other cases follow by symmetry and/or by taking iterates
of Fy. The point zg € Ay is a superattracting fixed point of F}'. Hence there is a conjugacy
éx : D — Ay satisfying ¢ (22) = Fy(¢x(2)) where D is the open unit disk in C. The image

of a straight ray in ID given by te®’ with 0 < ¢ < 1 under ¢, is called an internal ray. Since
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the boundary of Ay is locally connected, Carathéodory theory (see [Mil99]) guarantees that

each internal ray lands on a single point in 94y, i.e.,
I t 10
lim 5 (")

exists for each 6. It then suffices to show that no two internal rays land at the same point.
But if two rays did land at a given point p € 0Ay, then the union of these two internal
rays together with p forms a simple closed curve 7 that lies entirely inside Ag (except for
p). Let I" denote the interior of this simple closed curve. Then I must contain other points
in the boundary of Ag, for otherwise an entire interval of rays would land at p, and this
is impossible. But then the union of the forward images of I' cannot meet points on Bj,
for example, since the images of v all lie in the union of the Zj. This contradicts Montel’s
Theorem which says that the union of these images of I' must cover all of C (except for at
most one point).

O

The fact that the boundary of By is a simple closed curve must be handled differently,
for in this case the forward images of the analogue of I' are no longer bounded. Therefore
we proceed differently.

Let W denote the open connected component of C — By that contains the origin. As
we showed in Chapter 2, W is the unique component of C — Bj.

Now we argue as above. Consider the conjugacy ¢, between z? and F, taking D to B).
Choose the curve v and the open set I' as before, where the curve v now consists of two
external (as opposed to internal) rays and the common landing point p. Now we know that
the forward images of I' cannot map onto the interior of W, so just as before, all of the rays
associated to ¢y land at unique points and 9B is a simple closed curve. This completes the
proof that J(F),) is a Sierpinski curve.

By Whyburn’s theorem ([Why58]), any two Sierpinski curves are homeomorphic. Hence

J(Fy,) is topologically equivalent to J(F),, ) for any n and m. However, each of these Julia
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sets is dynamically distinct from the others.
Theorem. If n# m, F\, is not topologically conjugate to Fy, on their Julia sets.

Proof: A conjugacy between Fy and F), on their Julia sets must take the boundaries
of attracting basins to boundaries of attracting basins. But the three immediate basins
that contain critical points are mapped two-to-one onto their images and these are the only
basins that have this property (except for By ). Since these basin boundaries are dynamically
distinct, they must be mapped to each other by the conjugacy. But the periods of these
basins are different, and so they cannot be mapped to one another by a conjugacy.
0
In this result we have concentrated on the case where F), has a superattracting cycle.
However, the results go over immediately to a neighborhood of each A, in the parameter
plane. For these nearby parameters, Iy also has an attracting cycle. While F{* is no longer
conjugate to 22 in the immediate basin of the cycle, quasiconformal surgery allows us to
modify these maps so that they have this property and thereby establish the fact that the

Julia set is again a Sierpinski curve. See [BDL*03a] for more details on this construction.

4.5 Concluding Remarks

In this section we have concentrated on the family

However, all of the results go over immediately to the higher degree families given by

A

Fr(z) = 22" + perrse

One checks easily that, for A € R™, the real axis is again invariant and we have similar

symmetries for this map. The proofs therefore go over more or less unchanged.
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In Figure 4-4 we display the parameter plane for the degree three family

Figure 4-4: The parameter plane for the degree three family of rational maps and a mag-
nification.

The holes in this parameter plane correspond to parameter values for which the Julia
set is a Sierpinski curve. See [DLUO03] for a complete discussion of these Sierpinski curve
Julia sets. Note the existence of a small copy of a Mandelbrot set in this image. The
parameters A, described in this paper are drawn from the centers of the main cardioids of
these Mandelbrot sets.

Note that these Mandlebrot sets are somewhat different in appearance from many of
the other baby Mandelbrot sets in this picture. The small copies of the Mandelbrot sets
whose cusp meets the outer boundary of the parameter plane also seems to touch many of
the other holes in the parameter plane. This is quite different from the Mandelbrot sets
from which our parameters are drawn: they do not seem to extend to any of the holes.
Indeed, we conjecture that these baby Mandelbrot sets are also “buried” in the sense that

there are no parameters in these sets that also lie on the boundaries of one of the Sierpinski




curve holes in the parameter plane.
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Chapter 5

Singular Perturbations of Circle Inversion Maps

5.1 Introduction

Here we will define a family of maps that arise from three circle inversion and we will
investigate the structure of their Julia sets; in particular we obtain either Cantor sets or
Apollonian gaskets. We will then introduce a perturbation in the form of a fourth circle
with small radius and show that the Julia sets for this family of maps are all homeomorphic

to a set sharing many topological characteristics with the Sierpinski curve.

5.1.1 Construction of our Map

We define inversion of a point « about a circle centered at O with radius r to be the point

o' on the ray Oa such that

—
[ Oall _ o
T | Od" ||
Let us say that we have n circles Cy, Cy, ..., C,. We will take inversion about these n circles
to mean sending the point & to the point 8 that is the arithmetic mean of o1, 02, Q3,. .., 0,

where «; is the inversion of a about circle C. (See Figure 5.1.)

We will look at the case of four circles: three with radius r centered at the cube roots
of unity and one circle of radius € centered at the origin. If 0 < € << r then our map will
be a singular perturbation of the three circle inversion occuring when ¢ = 0. One easily
computes our map to be

(Bt + )z — €2

Feﬂ' (Z) - 2—4

—Z

In order to use many of the tools of complex dynamics we need our function to be holo-
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Cs

Figure 5-1: [ is the inversion of a about the three circles C1, Cy, Cs.

morphic. Hence, we will define

This map agrees with the “true" circle inversion map on every second iterate, so dynamically

our map is equivalent to the “true’ map.

5.1.2 Preliminaries

Throughout this work we will consider w such that w3 = 1 and w # 1. We will only consider
¢, such that 0 < € << 7. The map F,, has 3-fold symmetry in that F,,(wz) = w?F, ,(z).
Hence, we know that if 2y is attracted to a periodic cycle, then wzg and w?zy are also
attracted to periodic cycles, although they could be different cycles (and even of different
periods). Further, RU {oco} = R¥ is forward invariant under F, and F,, maps the line
wR# to w?R# and vice versa. Hence, wR# U w?R¥ is also a forward invariant set. We will

call wR# and w?R# the symmetric azes. As a final symmetry, note that F,(z) = Fy(%).
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5.2 e€=0
If we set € = 0 our map becomes

3r2z?

Fos2) = g1

which we will denote F, throughout this section. This family of maps always has a su-
perattracting fixed point at the origin. Since F, is degree three there are 4 critical points,
located at 0, ¢, we and w?c where ¢ is a negative real critical point. Since 0 is fixed, we
will call the three symmetric critical points c,we, and w?c the free critical points. By our
symmetries we know that F,(wc) = w?F,(c). This implies that F, has (essentially) only
one free critical orbit in that if one of the free critical points is in the basin of attraction
for 0 then all of the free critical points are in the basin for 0. Similarly, if one of the free
critical points has bounded orbit then so do all of the free critical points. Further, for all

values of 7, F,. has poles at the cube roots of unity.

5.2.1 Structure of J(F,) for r < (1/2)}/3

When r < (1/2)Y/3 ¢ is in the immediate basin of attraction for 0. (See Figure 5:2.) Since ¢
is attracted to the origin, our 3-fold symmetry guarantees that wc and w?c are also attracted
to the origin.

Therefore F, is a degree three map whose critical points are all attracted to a superat-
tracting fixed point, implying that the Julia set of F., J(F}), is a Cantor set. (See [Bea91].)
This result can also be obtained using symbolic dynamics. Let D be a simply connected
open set containing the origin such that D is mapped 2 to 1 into itself. We know that such
a set exists since 0 is a superattracting fixed point of order 2. Further, we will choose D
such that the boundary of D, which we will denote 4, is a simple closed curve containing
no critical points or critical values. Now, F,.(d) is a simple closed curve contained within

D and bounding F.(D). F.(D) has two preimages, D (mapped two-to-one over Fy(D))
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Figure 5:2: F, with r = .5.

and another simply connected open set (mapped one-to-one over F,(D)) that contains oo.
We will denote this second preimage by Deo. Let do denote the boundary of D,. Hence,
F,.(D) = F,(Dy) and this set is in the basin of attraction for 0. Therefore, the Julia set for
F,. must be contained within the closed annular region between ¢ and d. We will denote
this region by A. (See Figure 5-3.) In Figure 5-3 the shaded regions are all in the basin of

attraction of 0.

Figure 5-3: The regions R;, Ry, and Rg, the set U, and the curves § and dq.

Now note that for all z € R™ we have ¢ < F.(z) < 0. (See Figure 5-2.) Hence,
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we know that all of R~ is in the basin of attraction for 0. By symmetry, the symmetric
axes wR™ and w?R~ are also in the basin of 0. Since the connected closed set W =
{0} U{R"} U {wR } U {w?R"} is in the basin of attraction for 0 we can find an open
connected set U containing W such that U is in the basin of attraction for 0. (We will
view U as a “fattened up” W.) Now, A — (ANU) consists of three pairwise disjoint closed
sets Ry, Ry, and Rz each of which contains a pole. Further, the R; can be chosen such
F,.(R;) covers Ry, Ry, and Rj for any 7 = 1,2,3. (See Figure 5-3.) Hence, the Julia set
J(F,) consists of all points in R; U Ry U Rz that remain in R; U Ry U R3 for all iterations.
Standard arguments show that this set is a Cantor set and that F, restricted to J(F,) is

conjugate to the shift map on three symbols.

5.2.2 Structure of J(F,) for r > (1/2)'/3

Our map undergoes a bifurcation as r passes through (1/2)'/%. (See Figure 5-4.)

3 3

2 P
1 1

pcq m

-3 -2 -1 2 3 -3 -2 -1 2 3
-1 -1
-2 -2
-3 -3

Figure 5-4: The bifurcation as r passes through r = (1/2)/?

The repelling complex conjugate two-cycle coalesces into a parabolic fixed point on the
negative real axis and then splits into two real fixed points on the negative real axis. We will
denote these p and g, where |g| < [p|. For all » > (1/2)'/3, g is repelling and p is attracting.
There is also a repelling fixed point on the positive real axis which we will denote by m.
(See Figure 5-4.)

Since Fy(wz) = w?F,(z) we know that there are actually three simulataneous bifur-
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cations that occur at r = (1/2)Y/3; one on each of R™, wR™, and w?R~. Note that the
existence of an attracting fixed point on the negative real axis, namely p, implies the ex-
istence of an attracting two-cycle on the symmetric axes, namely wp and w?p. From the
graph of F, it is easy to see that ¢ is in the immediate basin of attraction of p, implying that
we and w?c are in the immediate basin of attraction for the symmetric two-cycle. Therefore
we have all of our critical points accounted for and there can be no other stable domains,
for each of these domains necessarily contains a critical point. Let A, denote the immediate
basin of attraction for p and O denote the immediate basin of attraction for 0. Therefore,
wA, and wQAp form the immediate basin of attraction for the two-cycle formed by wp and
w?p. Since F, (%) = F,(z) we know that 4, = 4,, O = O, wA, = w?4,, and W24, = WA,
Note A, cannot meet either of the symmetry axes, wR and w’R, because all points of 4,
are attracted to p € R~ while the union of the symmetry axes are forward invariant.

This bifurcation corresponds to the geometric bifurcation that occurs when the three

circles go from being mutually disjoint to intersecting. (See Figure 5-5.)

Superattracting Origin

New Attracting Points
Figure 5-5: The topological relation of the three generating circles pre- and post-bifurcation.

For all 7 > (1/2)Y/% J(F,) is the Riemann sphere with a countable number of simply
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connected regions removed, namely

JEY=C/({UFrOo)|U| U | UE4)
n<0 i=0,1,2 \n<0
Hence J(F,) is connected. Since the critical points are all attracted to finite attracting
cycles we know that F, is dynamically hyperbolic. It is known that if the Julia set of
a dynamically hyperbolic map is connected then it is locally connected. (See [Mil99]).
Therefore, J(F,) is locally connected as well as connected. The Julia set for one of these

maps is shown in Figure 5-6.

Figure 5-6: The Julia set of F, with r = .8.

We will now show that the boundaries of A, and O, denoted dA, and O, respectively,

are simple closed curves.
Proposition: The boundary of Ap is a simple closed curve.

Proof: Since A, is simply connected we know that the boundary of A,, 04,, is a closed

curve. (See [MNTUOQ0]). Further, since our Julia set is locally connected we know that 94,




63

is locally connected and Carathéodory theory tells us that ¢, the inverse of the Riemann
map mapping A, to the unit disk ID, extends continuously to ¢:D— A, We will call the
images in A, of straight rays from 0 to 0D internal rays. Since ¢ extends continuously to
¢ we know that all of these rays land at a point on dA,. To show that 94, is a simple
closed curve we need only show that no two internal rays land at the same point in 94,.
Let us assume that two rays land at a point w € dA4,. Now, let v be the Jordan curve
consisting of these two rays along with the landing point w and let I' denote the bounded
complement of the curve . (See Figure 5-7.) There must be other points of 4 in I, else

we would have an entire sector of rays all landing at w, which is not possible.

Figure 5.7: The region I'.

Since T' is bounded by  we know by the maximum modulus theorem that F,(I') is
bounded by F,.(y). (Note that F.(y) is a simple closed curve.) Because v lies inside Ay, the
basin of attraction for p, (with the exception of the point w which lies on the boundary of
this basin) we know that F,(y—{w}) lies inside A,. Therefore, the boundary of F,.(I") (with
the exception of one point) lies inside A,. Hence, F;(I') is either mapped to the unbounded
complement of Fy(vy) or to the bounded complement. It is known that any neighborhood
of the Julia set for a function is eventually mapped by iterates of the function onto the
entire Riemann sphere minus at most two points. Since I'NJ(F,.) # @ it cannot be the case
that F,.(T") is mapped to the bounded complement of F,(y). However, if F.(I') is mapped

to the unbounded complement then I' must contain a pole. The poles lie on RT and on




64

the symmetric rays te2/3 and te*™/3 with ¢ > 0. Since p € R~ we know that A, does not
intersect R* or the symmetric rays. Hence, the pole must lie in the boundary of Ay, which
is not possible. One way to see this is to note that if a pole did lie on the boundary of
A, we could connect p to the pole with a simple curve p such that u lies entirely within
Ap. The image of p would then be a simple curve connecting co to p contained entirely
within A,. This is not possible because there exist neighborhoods of co consisting entirely

of points in the basin of attraction for 0. This contradiction establishes the result.

O

The same proof, with minor modifications, allows us to show that 00O is also a simple
closed curve. Symmetry allows us to extend this result to wA, and w?A4,. Since all of our
critical points tend to attracting cycles, we can generalize this result to all preimages of

attracting basins and hence to any component of the Fatou set. We have therefore shown:
Proposition: If C is the boundary of a Fatou component then C is a simple closed curve.

There are also restrictions placed on the number of intersection points occuring between

boundaries of pairwise disjoint complementary regions of the Julia set.
Theorem: If O(w'Ap) meets O(w’ Ap), then it does so at ezactly one point.

Proof: Note that Ay is trapped in the region S = {z: Re(z) < 0,27/3 < Arg(z) < 4w /3}.
To see this note that A, cannot meet either of the symmetric axes since the symmetric axes
are forward invariant and hence points on these axes cannot lie in the basin of attraction
of a real non-zero fixed point. An analagous statement is true for the symmetric basins
wAy and w?4,. We know that wA, must be trapped in wS and w? A, must be trapped in
w?S. Without loss of generality we will show that if O(wA,) meets d(w?A,) then it does
so at exactly one point. Since wA, is trapped in wS and w?A4, is trapped in w?S we know
that O(wAp) N O(w?A,) must lie in d(wS) N O(w?S) = RF. Since wA, is mapped onto w?4,
and vice versa, we know that O(wd,) N d(w?A4,) C RY is mapped into R*. Hence, the set

O(wAp) N A(w?Ap) remains in RF for all iterations. There are no two-cycles on the positive
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real axis and therefore it can be seen from the graph of the function that there is only one
point in Rt that remains in Rt for all iterations and does not tend to co, the repelling
fixed point. (See Figure 5-4.) Hence, O{wAp) N 8(w?A,) is either empty or contains only
the positive repelling fixed point.

Symmetry yields the result.

O

Let S' = {z:|2| = 1} and h(z) = z¥. We will now make use of the following Theorem

from [MNTUO00]:

Theorem: Assume that the Fatou set of a hyperbolic rational function f contains a simply
connected invariant component D whose local degree of f is k. Then there is a continuous

map ¢ from ST onto 8D such that

Moreover, h is injective on ¢~1(¢) for all ¢ € OD.

Note that F; is a hyperbolic rational map that maps A, onto A, in two-to-one fashion.

Hence, by the Theorem, there exists a continuous map ¢ such that ¢ : St 0A, and

Therefore, ¢(e*™/3) and ¢(e*™/?) form a two-cycle on dA,.

Since F, is degree 3 we know that there are at most three distinct two-cycles. Since ¢ is
a repelling fixed point on the boundary of A, we know that wq and w?q form a repelling two-
cycle with wg € w(0A4p) = d(wAp) and w?q € w?(84,) = O(w?A,). Hence, the attracting
two-cycle and the repelling two-cycle just mentioned both have positive real components.
However, 0A, is entirely contained in the left half-plane {z : Re(2) < 0}. Therefore the

two-cycle on 0A, must be distinct from the previous two-cycles, giving us our 3 two-cycles.
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Recall that we denote the repelling fixed point on the positive real axis by m. Therefore,
wm and w?m form a two-cycle with negative real component. Since we have all three of our
two-cycles accounted for it must be that wm and w?m corresponds to the two-cycle in 0 A,.
We have wm € 84, and therefore, by the symmetries, we know that w?m € w(d4,) =
O(wA,). However, w?m is also in 9A4,. Hence, w?m € 84, Nw(dA4,) = A, N H(wA,).
This implies that wm € 84, Nw?(04,) = 04, N O(w?4,) and, finally, that m € w(d4,) N
w?(04p) = d(wAp) N O(w?4p).

We have just shown that (w?Ap) N O(w?A,) # 0 for 4 # j. Combining this with the

previous Theorem yields:

Corollary: 9(w'4,) meets O(w? A,) at ezactly one point for i,j = 0,1,2 and i # j.
We will now show that a similar result holds for O.

Theorem: 00 meets O(w'Ap) at ezactly one point for i =0,1,2.

Proof: From the graph of F, we see that O N R~ is the interval (g,0), where ¢ is the
repelling fixed point on R™. (See Figure 5-4.) Further, ¢ is in 0A4,. So ¢ € 04, N 30. We
claim that A4, N 00 = ¢. Assume that there exists another point, @ € 04, N 0O. Since
Ap = Ay and O = O we know that @ € 04, N O, too. Let y4 represent the portion of
JA, between o and @ containing g. Now let (o, ¢)4 be the portion of y4 connecting « to
g and (q,@)4 the portion connecting ¢ to @. In a similar fashion we can define yp and its
subsets (¢, ¢)o and (¢, @)o.

Denote by I'ypper the bounded complement of the closed curve {a}U{q}U(e, ¢) sU(c, ¢)o
and Ijpyer the bounded complement of the closed curve {¢} U{a} U (q,@)4 U (q,@)0. Let
I' = Tupper U iower. (See Figure 5:8.)

Since A, and 00O are forward invariant F;. (0T ypper) C 04, U OO and the same is true
for Ol iower. Hence, Fr(Dypper) and Fr(Diower) are either contained within m or
are unbounded.

The first is impossible for it would imply that F*(Ijoper) C ApUT'U O for all n > 0.
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Figure 5-8: 0A;, meets 0O at 3 points.

Hence, we can take a neighborhood N of 0T'j5ye, that contains only points from m.
This neighborhood is contained in m for all iterations. This is a contradiction
because N is a neighborhood containing points in the Julia set of F, (namely 0L jpyer N N)
and therefore its iterates must eventually cover the entire Riemann sphere minus at most
two points. The same argument holds for I'ypper.

Hence, it must be the case the Fp(Typper) and Fp(I'jower) are unbounded. Therefore,
both Typper and Tigyer contain poles and both of these regions are incident to A, and O
only. Hence, for ¢ = 0,1,2 we have two sets, wi(I‘uppeT) and w*(T'jower), that are distinct and
contain poles. This implies that our degree 3 map has at least 6 poles. This contradiction

establishes the result.

5.2.3 Dynamics of F, on J(F,)

We shall now describe the dynamics of F, in C completely by means of a geometric con-
struction. For r < (1/2)'/% we know that F, on J(F,) is conjugate to the shift map on three
symbols. Now let us consider r > (1/2)'/3. Consider the closed curve d® 17 encircling
zero. Its preimage consists of two closed curves; 00O itself and a closed curve surrounding
oo that we will denote 0!, Note that 8O is mapped in two-to-one fashion over itself
making two counterclockwise twists around the origin while 907! is mapped in one-to-one

fashion over O making one clockwise twist around the origin. All points outside 0O}
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and inside 80O are attracted to the origin. Therefore, all of our interesting dynamics occur
in the annular region between 80 and 90!, We will denote this region by R.

Let the preimage of ¢ lying on the negative real axis be denoted ¢!, Note that ¢7! < ¢
and the interval (—oo,¢™!] is mapped over the interval [g,0). (See Figure 5-4.) However,
[¢,0) C O. Hence, ¢~ € 00Z!. Further, the interval [¢~1,p] is mapped onto [p,q] and
[p,q) C Ap. Therefore, ¢~! € 04,. Hence, 0A, meets O at exactly one point along the
negative real axis. By symmetry, similar results hold for (wA,) and 9(w?A,).

Let us consider the region obtained from R by removing the open sets A,, wA, and
w?A,. We will cut this region into three parts with the rays arg z = 7/3, arg z = m and
arg z = 5w /3. We will call these regions Ry, Ry, and Rs; with R; between arg z = 57/3
and arg z = 7/3, Ry between arg z = 7/3 and arg z = « and with R3 between arg z = 7

and arg z = 5m/3. (See Figure 5-9.)

00}

e}

Figure 5-9: The Region R and its subregions R;, Rg, R3.

Note that only six points lie in multiple regions. From the graph of F, on R™ it is easy

1

to see that the repelling fixed point ¢ and its preimage on R™, ¢—*, are the only points in

Ro N R3. The symmetries of F, then imply that we have exactly two points in Ry M Ry,

1

1 and exactly two points in R3 N Ry, namely wq and wqg™?.

namely w?q and w?q”

Proposition: F,. maps R; over R, Ry and R3 fori=1,2,3 in one-to-one fashion.
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Proof: Let P, be the closure of the set of points z € R such that —n/3 < arg z < 7/3.
(See Figure 5-10.) Note that Ry C Py and Py — R; is contained in the Fatou set of F;.. (The

only points in P, that are not in R; are those points belonging to wA, and szp.)

(4 o
‘(. E
Figure 5-10: The Region P; and its boundary.

Let p= 0P, NWw?R™, v = 0P, N IO, and v, = 0P, N 0O, Notice that boundary of
Py is given by pUpU v U ¥s. (See Figure 5:10.)

By the definition of 8O, note that v is mapped onto the points of O with argument
between 7/3 and 5m/3 while v, is mapped onto the points of 0O with argument between
-m/8 and /3. So vU"eo is mapped over O in one-to-one fashion except for the two points
80 N p and OO Np. Further, p is mapped two-to-one (except at the critical value) over the
portion of p between 7N A0 and the critical value on p. Hence, by symmetry, we know that
7 is mapped two-to-one (except at the critical value) over the portion of p between p N o0

and the critical value on p. (See Figure 5-11.)

Critical Value

Figure 5-11: The image of the boundary of P;.
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By the maximum modulus principle we know that OF,(P;) is given by F.(0FP;). We
know that there are no zeros in P; (0 and oo are the only zeros) so the interior of P, must
be mapped over the entire unbounded complement of F,.(0P;). Hence, P; itself is mapped
over C — O in essentially one-to-one fashion (the map is one-to-one except along the rays p
and p). Hence, R; is contained in F,(P;) for ¢ = 1,2, 3. Since we have a degree three map
and all three preimages of the R; are accounted for we know F, maps R; over R;, Ry, and
Rs in one-to-one fashion.

Symmetry gives the desired result.

O

We are now in a position to describe the dynamics of F, on J(F,) using symbolic

dynamics on the regions Ry, Ry, and Rs.

Theorem: There is a semiconjugacy between the mapping F, on its Julia set J(F,) and
the full shift on the space of sequences of three symbols. The semiconjugacy is given by
associating to each point z € J(F,) a sequence {sg, s1,...} where s, = 1,2,3 and is given

by F*(z) € R;,.

Proof: We need to show that each sequence corresponds to at least one point in the Julia
set and that no sequence corresponds to multiple points. Since each region R; is mapped
over all three regions we are guaranteed that each sequence will correspond to at least one
point in the Julia set.

The Julia set is contained in | R; but | J R; contains no critical points. Hence we know
that the critical points are disjoint from the Julia set implying that F. is dynamically
hyperbolic on its Julia set. This expansion guarantees that no sequence can correspond to

multiple points.

O

We only have semi-conjugacy and not a conjugacy due to the six points that lie in mul-

tiple regions. Any sequence ending with {111111...} is equivalent to the same sequence
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ending with {232323...} or {323232...} and any sequence ending with {222222...} is
equivalent to the same sequence ending in {333333...}. The first of these identifications
corresponds to the two cycle {wq, w?q} and its preimages while the latter identification cor-
responds to the fixed point ¢ and its preimages. If we exclude these cases our semiconjugacy

becomes a conjugacy.

5.2.4 The Bifurcation as r passes through (1/2)/3

As r passes through the bifurcation value (1/2)!/3 a saddle node bifurcation occurs on the
negative real axis. (See Figure 5-4.) When this occurs we have the appearance of a new
attracting fixed point p € R~ (and therefore a new attracting two-cycle {wp,w?p} on the
symmetric axes). The basin of 0 is now bounded and no longer extends to co. The basins
of attraction for these attracting points, Ay, wA,, and w? A, extend to 80 and 00z}, The
regions Ry and Rj intersect at 90 N R~ and 0! N R~. Further, A, meets w?A, at one
point causing Ry to be pinched as shown in figure 5-12. There are now points of intersection

among the R; causing the identifications described last section.

ﬁ R2 :
-
R3
R
Figure 5:12: The regions R; pre- and post-bifurcation.

5.3 e¢#0

When € # 0 our map has degree 4 so there are 6 critical points. When € = 0 we had four

critical points; one at each of the cube roots of —2 and one at 0. When € becomes nonzero
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each of the three non-zero critical points persists while the critical point at 0 splits into
three separate critical points, giving us our six total critical points. The critical points for
this map are all of the form w'c; or wicy with w a cube root of unity and ¢y < ¢; the two
critical points on the negative real axis.

While 0 was a superattracting fixed point when e = 0, for ¢ # 0 we have 0 and o
lying on a repelling 2-cycle. For r < r*, where the value of 7* depends on €, there is one
attracting fixed point on the negative real axis. (See Figure 5:13.) We will call this fixed

point p.

Figure 5-13: The graph of F, for r < r*.

Note that since we still have the symmetry Fe,(wz) = w?F, ,(z) the existence of the
attracting fixed point p implies that wp and w?p form an attracting two-cycle. It is easy to
see that ¢; is in the immediate basin of attraction of p for ¢ = 1,2. Hence, we have all six
of our critical points accounted for since wic; will be attracted to the two-cycle {wp, w2p}
for 4,7 = 1,2. The Julia set for one of these maps is shown in Figure 5.14, together with a
magnification of the same image.

One notices from the graph of F¢, on the real line that the entire negative real axis

is contained in the basin of attraction for p. The preimage of R consists of R itself and a
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Figure 5-14: The Julia set of F;, with € = .1 and r = .8 and a magnification of the same
set,.

curve with negative real parts. (See Figure 5-15.)

Zero

Critical Points \ /ole

et Mapped to R

................... Mapped to iR

Figure 5-15: The preimages of R and iR

In particular, there is a curve running from pole to pole through ¢y (entirely contained
between w?RT and wR') that is mapped into R~ and, therefore, is attracted to p. Call
this curve K;. Hence there is an open set surrounding R~ U K that is contained in the

basin of attraction for p and is mapped inside of itself. Call this set W. (See Figure 5-16.)
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Pole

Pole
Figure 5-16: The curve K (dashed) and the region W;.

Via symmetry we know that there exists sets Wy and W3, where W; = w*~ Wy, such
that Wo UW3 is attracted to the two-cycle {wp, w?p}. We show these regions in Figure 5-17.

(Since the regions W; all extend to co we represent oo as a cirlce in Figure 5:17.)

Circle representing co

Figure 5:17: The regions W, and R;.

Now, W1, Wa, and Ws all intersect at co and 0. Further, Wi and Wy (resp. W3) also
intersect at the pole on w?R" (resp. wR') while Wy and W3 intersect at the pole in Rt.
These are all of the interesections among the W;. Hence, C- (W1 U Wy U Ws) consists of

six regions. We will denote these regions R; for ¢ = 1,2,...,6. Specifically, let R; be the
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region of C — (Wi U Wy U W3) containing the unbounded portion of RT and Ry the region
containing the bounded portion of R*. Continuing, let Ry = wR;, Ry = w?R;, Rs = wRy
and Rg = w?R4. We will use these six regions to describe the dynamics of Fi, on its Julia

set, which is entirely contained in the R;. (See Figure 5-17.)

Theorem: The regions Ry, Rs, Rg are each mapped over all of the R;. Ry is mapped over
R1 and R4, Ry 1s mapped over R3 and Rg, and Rs is mapped over Ry and Rs. All of these

mappings are one-to-one.

Proof: We will show that Ry covers all of the R; in one-to-one fasion and R; covers only
R; and Ry in one-to-one fashion. The result will then follow via symmetry.

To begin, note that Wa = W3. The boundary of R4 consists of a curve in Wy and
another in OW5. Let k4 denote the portion of 0W3 connecting 0 to the pole such that xy4
is in OR4. Note that x4 URs = R4 and k4 N &g consists of the origin and the pole on the
positive real axis. (See Figure 5-17.) Since F..(Z) = Fe,(2) we know Fe,(ks) = Fe,(R7).
The two endpoints of k4 are both mapped to oo and k4 consists of no critical points, so k4 is
mapped to a closed loop containing co. Since W3 is mapped inside Wy, F, ;(k4) is contained
in Wy. Hence, F,(R4) is contained in W3 = Wy. Therefore, the boundary of Ry is mapped
inside Wy U W3. Since Ry is not mapped strictly inside Wy U W3, Ry must be mapped to
the compliment of F,,(OR4) that is not entirely contained in Wy U W3. Therefore, Ry is
mapped over all of the R;. Therefore, by symmetry Ry and Rg are mapped over all of the
R;.

We will now show that R; is mapped only over R; and R4. The boundary of R; consists
of a curve in W5 and another in OW5. Let k1 denote the portion of W35 connecting the pole
in RT to co such that »1 is in R;. Note that x1 UR] = OR; and x1 N&7 consists of the pole
on the positive real axis and co. (See Figure 5-17.) One of the endpoints of x; is mapped to
oo and the other is mapped to 0. There are no critical points on «; and &; is mapped strictly
inside Wa, hence F, (k1) is a curve connecting 0 and oo and completely contained in Wy,

By the symmetries of the map we know that Fe,(k1) = F,(x1), and hence F,(0R;) is a
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closed curve including 0 and oo and lying inside Wy U W3. Therefore F,(OR;) separates
C into two regions: one containing Ry and R4 and another containing Ry, R3, Rs, and Rs.
We want to show that F,(R;) is contained within the region containing R; and R4. The
portion of R that is contained in R is mapped over all of Rt yet misses R~. Hence, R; is
not mapped over the entire Riemann sphere and therefore must be contained in one of the
two regions bounded by F,,(8R;). Since RN R; is mapped over all of Rt = RN (R U Ry)
it must be that F, ,(R;) is the region of C - Fe,(0R;) containing R; and R4 yet missing
the other R;.

Now, we know that each R; has four preimages since F¢, is degree 4. We now know
where all of these preimages lie. For example, R; has a preimage in each of Ry, Rs5, Rg, and
Ry. Hence we have all of the preimages of R;. This implies that each of these mappings is
one-to-one,

The result follows from symmetry.

O

We assign each point in the Julia set a sequence s(z) € Xg, the set of sequences of
six symbols. We associate to z € J(Fe,) the sequence s(z) = {s¢s152...} where s, =
1,2,3,4,5 or 6 via the rule F?%.(2) € Ry,.

Since not all of the R;’s cover all of the other regions not all sequences represent actual
points in the Julia set. However, we can define the set of admissable sequences, Xf C g,
as follows: A sequence s = sps1s2... will be in ¥ if s, = 1 implies that sp41 = 1 or 4,

sp = 2 implies that s,4+1 = 2 or 5, and s, = 3 implies that s,; = 3 or 6.

Theorem: There is a semiconjugacy between the mapping Fe, on its Julia set, J(F,,), and
the shift map on Xg. The semiconjugacy is given by associating to each point z € J(Fe,) a

sequence {s08182 ... } where s, =1,2,3,4,5,6 and is given by FZ.(z) € R, .

Proof: We need to show that each sequence in X§ corresponds to at least one point in the

Julia set and that no sequence corresponds to multiple points. Due to the definition of 3§
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we are guaranteed that each sequence will correspond to at least on point in the Julia set.

The Julia set is contained in (J R; and |J R; contains no critical points. Hence we know
that the critical points are bounded from the Julia set implying that F, is dynamically
hyperbolic on its Julia set. This expansion guarantees that no sequence can correspond to

multiple points.

a

We only have a semi-conjugacy and not a conjugacy due to the five points lying in
multiple regions. Any sequence ending with {1414... } is equivalent to the same sequence
ending with {2626...} or {3535...}. We will denote this by {141414} — {262626} —
{353535}. These identifications corresponds to the origin and its preimages. Using the same
notation co and its preimages yield the following identifications: {414141} — {535353} —
{626262}. Finally , the three poles on RT, wR", and w?R* and their preimages yield the

following identifications:
{4262626} — {4353535} — {1141414},

{5141414} — {5262626} — {2353535},
{6353535} — {6141414} — {3262626}.

If we exclude these cases our semiconjugacy becomes a conjugacy.

5.3.1 The Perturbation as ¢ becomes nonzero

In this section we will attempt to better understand what happens as € becomes nonzero.
While 0 was a superattracting point when € = 0, when € becomes non-zero three critical
points split from the origin, and the origin is no longer a critical point and now forms a
repelling two-cycle with co. Therefore, 0 and co are now in the Julia set. The attracting

fixed point p (and the symmetric two-cycle {wp, w?p}) are born from 0 as ¢ becomes nonzero.
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The basin of attraction for zero is split into basins of attraction for the fixed point p
and the two-cycle {wp,w?p}. Since these basins intersect (as previously described) they
pinch the regions R; in a manner similar to the pinching that occurs when € = 0 and r
passes through (1/2)1/3. (See Figure 5-12.) However, the origin is now a pole and these
regions will no longer be mapped in one-to-one fashion. It is therefore necessary to rename
the regions, splitting R; into R; and R;y3 for 4 = 1,2,3. (See Figure 5-17.) Notice that in
Figure 512 the large circle is 0}, while in Figure 5-17 the large circle actually represents

oo since the basins W; stretch to oo.

5.3.2 7r>7r*

There are two attracting fixed points in R™ which we will denote p; and p, where we assume
po < p1. The existence of the attracting fixed points p; and ps on R™ implies that wp; and
w?p; form attracting two-cycles. Hence we have two attracting cycles of period two lying
on the symmetric axes.

It is easy to see that ¢; is in the immediate basin of attraction of p; for ¢ = 1,2. Hence,
by symmetry we know that we; and w?c; are in the immediate basin of attraction for the
two-cycle formed by wp; and w?p; for 1 = 1, 2. This accounts for all 6 of our critical points.
Hence, we know that there are no other attracting periodic points because all attracting
periodic points must attract a critical point.

Let A; denote the immediate basin of attraction for p;. Note that A; is trapped in
the region S = {z : Re(z) < 0,27/3 < Arg(z) < 4mw/3}. To see this note that A; cannot
meet either of the symmetric axes since the symmetric axes are forward invariant and hence
points on these axes cannot lie in the basin of attraction of a real fixed point. Since R is
foward invariant we see that none of the immediate basins on wR or w?R meet R. Further,
R and wR U w?R forward invariant imply that these results hold for all preimages of these
basins, too. Using similar techniques as before we can show that A} NJd A, is a single point

on the negative real axis. Further, dw’A; N 8w 4; is a single point for 7,k = 0,1,2 and
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i = 1,2. The basins are show in Figure 5-18.

Figure 5-18: The immediate basins of attraction for € > 0 and r > r*.

Figure 5:19: The Julia set for € > 0 and » > r* and a magnification of the same set.

It can be shown that these basin boundaries have the same properties as the prior basins
in that they are all simple closed curves. All of our critical points are accounted for, so
the remainder of the Julia set consists of preimages of these basins, all of which will have
simple closed curve boundaries. The Julia set is shown in Figure 5-19. Since oo lies on a
repelling two-cycle with 0 we know, as in the case for » < r*, that the Julia set extends to

0.
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Notice that much of the structure from e = 0,7 > r* is still present in this Julia set, as

can be seen in Figure 5-19.
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