Phys 307 Classical Mechanics

Fall 2021
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Homework Set 15: Euler's Equation

Due Wednesday, November 3, 2021
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Problems From TM5
1) 6-2  Show that the shortest distance between two points on a plane is a straight line. HINT: Use the diagram shown to write the segment ds as a function of dx and dy then change to a function of dx and (dy/dx)2 = (y’)2.  The length of the line is then the integral of this from x1 to x2.  The integrand is then f(y, y’, x) that Euler’s equation applies to.
[image: image3.emf](


)


yasin


qq


=-




  yasin  

[image: image4.emf]g


a


t


p


=


minimum


 


to




g

a

t  

minimum  to

2) 6-6  Reexamine the problem of the brachistochrone (Example 6.2) and show that the time required for a particle to move (frictionlessly) to the minimum point of the cycloid, independent of the starting point, is
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HINT: Use the geometry shown and the expression for v as in Example 6.2 (with dist = x – x1 so v = √[2g(x-x1)]) and derive the expression for the travel time from x1 to an intermediate x (it’ll just be an integral very much like 6.20 with limits from x1 to x = 2a … the upper limit, but the position at the bottom of the curve).  You won’t apply Euler’s equation, you will integrate to find the time.  As in Example 6.2, in the integrand, let x = a (1- cosθ) and y = a(θ – sinθ) noting that y’ = (dy/dx) = (dy/dθ)(dθ/dx) where taking (d/dx) of the entire equation x = a(1 – cosθ) gives you dθ/dx = [1/(asinθ)] .   Then, after deriving and substituting
into the integrand and re-evaluating the limits, you will get (show the steps, don’t just believe me!!)
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where θ1 is the starting point (at x1, y1) and, thus, a constant.  Use a trig substitutions  cos(() =[ 2cos2(½() – 1] and 2sin2(½() = [1-cos(()] to get
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Then let z = cos(½() to get this integral into a form [recognize cos2(½(1)  as c2 … just the square of a constant] that you can look up in the math tables book (it’s not in TM5):
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This is actually a proof of the tautochrone curve … check out the Wikipedia page. 
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