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ABSTRACT

Subsurface light transport in highly scattering media is a problem of great interest
to both computer graphics and biomedical optics researchers. Specifically, computer
graphics researchers strive to develop more accurate simulations of light physics to in
turn generate more realistic synthetic images. Likewise, biomedical optics researchers
are concerned with accurately simulating light propagation to aid in design of equip-
ment for diagnostic medical use.

The mathematical formulation for diffusive light transport is presented along with
a derivation for both a finite difference and finite element numerical solution for two
and three dimensions. Efficient implementations are proposed which use Cholesky
factorization to efficiently update the light scatter calculations if the source changes.
Furthermore, the use data structures are proposed to accelerate (by an order of magni-
tude) parts of the source calculation and finite element matrix construction proposed
by current biomedical optics literature.

Furthermore, a novel technique for grid refinement for the finite element formu-
lation using hanging nodes is presented. This technique allows for simple mesh re-
finement while maintaining the flux continuity on the finite element formulation. In

conjunction with this technique, a per-element error estimator derived from a Green’s
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function is presented along with a discussion on why traditional Galerkin style a pos-
teriori estimation techniques fail. These techniques can then be combined to drive
an adaptive finite element grid refinement method.

Finally, to demonstrate the practicality of these techniques are demonstrated on
simulations of numerical phantoms whose geometry and scattering properties were
selected using segmented MRI data of human tissues. Furthermore, the results are
visually comparable to images derived from a real world device which visualizes sub-
surface vasculature in human tissue by transilluminating tissue with near infrared

light.
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To Mariana.
If they ask for me,

Tell them ['ve traveled the Earth
To sip tea with her.

v



ACKNOWLEDGMENTS

Dr. Raghu Machiraju, thank you for providing the guidance and environment that
I needed graduate school to be: a place to explore. Without your help I would have
never known where to go or what to look for. I will never forget that even though
the hypotenuse of the minivan is shorter than the width of the mattress, it can still
be tied to the roof and be driven at high speeds. You are a true scholar and an even
better friend.

Thanks to Dr. Robert Lee for his patience in dealing with a graduate student (me)
who had forgotten nearly all of what he learned in his undergraduate electromagnetics
courses. Without you the fascinating world of finite elements, Green’s functions, and
the power of back of the envelope calculations would still be a mystery. Throughout
my time at graduate school you have been my role model for what a researcher should
strive to be.

To Dr. Han-Wei Shen, thank you for introducing me to the wonder that is pro-
grammable graphics hardware. Very few people can show their work and induce the
immediate response of “cool!” as you can.

To Jacob Adams for picking up the pieces where I left off and the large amount of
work he completed in generating the finite element meshes found in this dissertation.

I have no doubt that you will go on to do great things.



Thanks to Dr. Robert Crane for providing a much needed application for this work
and for free access to his lab and imaging equipment. I won'’t forget your patience with
a graduate student who wanted to take picture after picture through a NIR scope with
a mismatched camera nor the fascinating conversations during impromptu afternoon
visits.

Without the guidance of my old officemate, Benjamin Rutt, I would have never
known how to make a computer do truly useful things. With the knowledge he
selflessly shared with me I have saved billions of keystrokes over the years. Without
it I would have left graduate school Euchre, Emacs, Gnus, Linux, and I4TEX-free.

To my friend Jason Sawin, thanks for sharing the occasional psychosis which can
be graduate school and for demonstrating the “angry method” of teaching. Very few
people are as dedicated as you are and even fewer are as talented. The world will
be a much better place for the thousands of students’ lives you will change for the
better.

Thanks to the RESOLVE group, Bruce Weide, Tim Long, Wayne Heym, Paolo
Bucci, and David Mathias for their mentorship and offering me the opportunity to
teach the fascinating 221/222 sequence. If it weren’t for RESOLVE I would have
shamefully secured my degree without the ability to design good programs.

Thanks to my father for supporting me when I decided it would be a good idea to
fly tiny planes over barren deserts and rocky mountains; when I thought that joining
the army would be a great idea; and nurturing my natural fascination for all things
scientific when I was young. I remember it all, and am a better person for it.

Finally to Mariana, without you I would certainly be much less than I am today.

Thank you for not only showing me the joy of laziness, but opening my eyes to the

vi



world. This dissertation would not be the same or mean the same without you. From
Kelly’s Island to Mt. Omu; wild donkeys to sleepy buffalo; and a new baby girl to
growing old together. A lifetime of adventures and true companionship are ours to

live together!

vii



VITA

August 2004 ... .. M.S. Computer Science & Engineering,
The Ohio State University

December 2000 ........ ... ..., B.S. Computer Engineering,
University of Utah

September 2001 — present ................... Graduate Research/Teaching Asso-
ciate, The Ohio State University

January 1996 — August 2000 ................ Combat Engineer (E-5),
U.S. Army Corps of Engineers

August 13, 1977 ... Born — Salt Lake City, Utah

PUBLICATIONS

Research Publications

R. Sharp and R. Machiraju Accelerating Subsurface Scattering Using Cholesky Fac-
torization The Visual Computer, pages 1-9, Jan 2006.

FIELDS OF STUDY

Major Field: Computer Science and Engineering

Studies in:

Computer Graphics Prof. Raghu Machiraju
Prof. Han-Wei Shen
Finite Element Methods Prof. Robert Lee

viil



TABLE OF CONTENTS

Abstract . . . . . ..

Dedication . . . . . . . . . .

Acknowledgments . . . . . ...

Vita . . o

List of Figures . . . . . . . . .

List of Tables . . . . . . . . . . . .
Chapters:

1. Imtroduction . . . . . . . . . . ...

1.1 Thesis and Contributions . . . . . . . ... ... ... ... .. ..

1.2 Motivation . . . . . . ...

2. Background and Related Work . . . . .. ... ... ...

2.1 Visual Precision . . . . . .. ... ... ... ... ...

2.2  Mathematical Precision . . . .. .. ... ... ... ... ...,

3. Scattering of Light . . . . . .. . ... oo

3.1 The Transport Equation . . . . . .. .. ... ... ... .. ....

3.2 Approximations to the Transport Equation . . . .. ... ... ..

3.2.1 Diffusion Approximation . . . . . . . ... ...

3.3 Solution Methods . . . . . .. .. ... oo

X

Page
i

v

viil
xii

Xvi

= =



Finite Difference Techniques . . . . . . . . . . ... ... ... ... ... 25

4.1 Derivation . . . . . . . ... 26
4.1.1 TIrradiance is Related to Voltage . . . . . . .. .. ... ... 26
4.1.2 Diffusion Approximation in terms of Kirchoff Current Laws 27
4.2 TImplementation . . . . . .. ... 30
4.2.1 Storage . . . ... 30
4.2.2 Solving the system . . . . . .. .. ... 0L 30
4.2.3 Efficiency Enhancements . . . . . . . . ... ... ... ... 31
4.2.4  Rendering Algorithms . . . . . . ... ... ... ... ... 33
4.3 Rendering . . . . . . ... 34
4.4 Results and Conclusions . . . . . . . ... .. ... L. 34
4.5 Discussion . . . . ... Lo 35
Finite Element Approaches . . . . . . . . ... ... ... ... ..... 41
5.1 General Derivation . . . . . .. ... ... ... ... 41
5.1.1 Domain Discretization (2D) . . . . . ... ... ... ... 42
5.1.2  Domain Discretization (3D) . . . . .. ... ... ... ... 43
5.1.3 2D Elemental Interpolation . . . . ... ... ... ..... 44
5.1.4 3D Elemental Interpolation . . . . . .. ... .. ... ... 46
5.1.5  Boundary Conditions . . . ... ... ... ... ...... 51
5.2 Matrix Construction . . . . . . . . . ... .. o1
5.2.1 Elemental Equations . . . . . ... ... ... ... ..... 53
5.3 Refinement of General FE Form to a Particular Dimension . . . . . 55
5.3.1 Two-Dimensions . . . . . ... ... ... ... ....... 55
5.3.2 Three-Dimensions . . . . . . . . . .. ... ... ... .. 60
5.4 Discussion . . . . . ... 64
Hanging Node h-adaptation . . . . . . .. ... .. ... ... ... ... 65
6.1 Hanging Nodes / h-Adaptation . . . . . ... ... ... ... ... 66
6.2 Implementation . . . . . . .. . ... L 68
6.3 Results and Discussion . . . . . . .. ... ... 69
6.4 Conclusions . . . . . . . . ... 72
Error Estimation . . . . . . ... ... 76

7.1 Self-Equilibrated Residual and Complementary A Posterior: Error
Estimator . . . . . . . . .. 7
7.1.1 Derivation . . . . . . . ... 7
7.1.2  Application to Two-Dimensional Diffusion Equation . . . . 79

X



7.1.3 Instability in the Presence of a Source . . . . .. .. .. .. 83

7.2  Error Estimation: Method of Moments and Green’s Function . .. 85

7.3 Results . . . . .. 94

7.4 Conclusions . . . . . . . ... 96

8. Physics-Based Subsurface Visualization of Human Tissue . . . . . . . .. 97

8.1 Biological and Geometrical Phantom . . . . . .. .. .. ... ... 98

8.1.1 Optical Properties of Skin . . . . . . . ... ... ... ... 100

8.2 Implementation . . . . . . ... ... L 101

8.2.1 Source Distribution {b} . . . . .. ... ... L. 102

822 Rendering . . . . . ... 102

83 Results . . . . . . 103

84 Conclusions . . . . . . .. .. 105

9.  Conclusions and Continuing Work . . . . . . . ... ... ... ... ... 109

9.1 Review . . . . . . 109

9.2 Discussion . . . . . . ... 110

9.3 Continuing Work . . . . . . . ... o 111

9.3.1 Higher Dimensions . . . . . . ... ... ... .. ...... 111

9.3.2 Real World Models . . . . .. ... ... ... ........ 111

9.3.3 Computational Complexity . . . . ... ... .. ... ... 112

9.3.4 Other Uses of the Diffusion Model . . . . . ... ... ... 112

9.4 Final Words . . . . . . . . ... 113
Appendices:

A. Derivation of 2D and 3D Finite Element Formulae . . . . . . . . ... .. 114

B. Table of Symbols and Formulae . . . . . . ... .. ... ... ...... 117

xi



LIST OF FIGURES

Figure

3.1

4.1

4.2

4.3

4.4

4.5

4.6

5.1

5.2

5.3

This figure illustrates the four methods of flux rate change in a volume.
The incident photon stream, absorbed photons, photons scattered into
the direction of interest, and photons scattered away from the direction
of interest. . . . . . . ...

(a) The step initial source value. (b) Response of Jensen et al. model
with o, = 0.0041 and o) = 2.6 (left) vs. Response of our model with
1.18V step input and all resistors set to 1k (right). . . . . . . . . ..

Octree used in calculating source vector for (a) “Al” model and (b)
“Dolphin” model. Levels range from blue (lowest) to yellow (highest).

(a) “Al” model with no subsurface scattering and with embedded sub-
surface grids of size (b) 8x8x4, (c) 16x16x8, (d) 32x32x16 and (e)
BAXO6AX32. . . .
(a) “Dolphin” model with no subsurface scattering and with embedded
subsurface grids of size (b) 8x8x4, (c¢) 16x16x8, (d) 32x32x16 and
(€) 64X64X32. . . . . .

Side lit foot with no scattering vs. scattering. . . . . ... .. .. ..

Bottom lit foot with scattering but uniform impedance vs. bottom lit

foot with non-uniform impedance values based on MRI density values.

Example 2D subdivision . . . . .. ... .00
Linear tetrahedral element. . . . . . . . . . . .. ... ... ...

Point r within a triangular element. . . . . . . . .. .. ... ...

xii

Page

17

36

36

37

38

39

40



6.1

6.2

6.3

6.4

6.5

7.1

(a): A simple mesh with four elements. (b): Element (2,3,4) is subdi-
vided by introducing new nodes at the midpoints along the segments
of the elements. To avoid a discontinuity, ghost nodes (indicated by
unshaded circles) are inserted at the midpoints of the elements shaded
inlight gray. . . . . . .. ..

Calculating the source at a node (Figure 6.2). Step 1 (dark gray): test
all the elements sharing the node and determine the edge of intersec-
tion. Step 2 (light gray): iteratively intersect neighbor elements until
the boundary is reached. . . . . . . . ... . oL

(a): A square mesh containing 260 elements. (b): The distribution of
U,; based on a point source beneath the mesh. (c): The distribution
of Uy given the source distribution from (b) on the mesh from (a). (d):
The distribution of Uy on the fully subdivided mesh shown in the last
figure of Figure 6.4(a). . . . . . . ... . L

(a): Five meshes which have been fully subdivided over successive
iterations. (b): The first mesh is adaptively subdivided on elements
that contain nodes whose value of Uy, is at least 10% of the maximum
U, in the solution given the source from Figure 6.3. The next column
takes the previous mesh as input but subdivides elements which contain
nodes of at least 20% of maximum. This continues up to to 50% of
maximum for the last mesh. Darker elements indicate the presence of
ghost nodes in those elements. . . . . . .. ... ... ... ... ...

An error plot showing the average error intensity of Uy solved on both
the fully and selectively refined meshes from Figure 6.4. . . . . . . ..

Arrow indicates element used for error estimation throughout this sec-
tion. The left figure shows the original distribution of U,; while the
right shows the region which artificially cuts off U,; to test the self-
equilibrated residual and complementary a posterior: error estimator.

xiil

67

73

73

74

75

84



7.2

7.3

8.1

8.2

8.3

8.4

This plot demonstrates the instability of the a posteriori error esti-
mator described in Section 7.1.2. In this experiment the normalized
error (the calculated error divided by the numerical value of U,;) is
calculated for the element in Figure 7.1 calculated per element in both
the presence of a source (solid line) and its artificially removed ab-
sence (dashed line). The error grows without bound in the presence
of a source, but is otherwise well behaved without it. The “element
size” axis is the length in cm of the edge of the element (an equilateral
triangle). . . . ..

This graph shows the progression of the error estimation rate for the
Green’s function a posteriori estimator in the presence of a source for
the element shown in Figure 7.1. Notice for large elements the estima-
tor is somewhat unstable, but for smaller element sizes the estimator
converges. The error in this graph is the ratio between the numerical
value of U,;(r’) and the estimated value of U,;(r') calculated by the
Green’s function formulation. The “element size” axis is the length in
cm of the edge of the element (an equilateral triangle). . . . . . . ..

™ which illumi-

This figure illustrates the use of the Vascular Viewer
nates the far side of the forearm with an array of infrared LEDs, shines
the light through the arm, then is viewed directly using a filtered in-

frared scope. . . . . . ..

ANSYS model for human forearm. Red vessels are arteries and blue
vessels are superficial veins. Inner cylinders represent the radius and
ulna bones. . . . ..

Renderings of the arm dataset as the skin thickness is increased. The
left image allows 100% of the NIR light into and out of the model while
the right image reduces the NIR penetration to only 20% as scaled by
the A(t) parameter in Equation 8.2. . . . . . . .. ... ... .. ...

Figure (a) shows the simulation of near infrared light through a sample
arm model while Figure (b) shows the actual result from the Vascu-
lar Viewer?™. Note that the Figure (b) not only shows the NIR light
scattered through the arm but also any background light which hap-
pens to be in the environment, the simulation in Figure (a) lacks this
background NIR noise. . . . . . . . . .. ... ... ..

Xiv

101

104



8.5

8.6

8.7

This figure shows the solution of Uy(r) on the finite element model
shown in Figure 8.2. The arm on the left is lit from the bottom while
the image on the right is lit from the top. The planes in the background
are shown for perspective. . . . . . ... .. ... L.

This figure illustrates the metric for determining visibility of a subsur-
face structure in a 10cm?® medium. Column (a) places the discontinuity
at lcm while column (b) places it at 5cm. The histogram plots on the
bottom row show the intensity of the pixels around the white boxes
drawn on the top surface of the cubes. Notice as the discontinuity
sinks, the average intensity increases while the standard deviation of
the histogram decreases. . . . . . . . . . ... ...

This figure shows how the standard deviation of intensity varies as
the discontinuity in Figure 8.6 moves below the surface. i, = 10cm ™!
te = 0.lem™'. The discontinuity visibility drops significantly after

1.Bcm. . .o

A.1 Parallelogram differential area in a triangle. . . . . . . .. ... ...

XV

105

107



LIST OF TABLES

Table

4.1

6.1

6.2

6.3

6.4

7.1

Runtime statistics for “Al” and “Dolphin” model (See Figures 4.3
and 4.4). [A] is the scattering matrix, while [L] is its Cholesky factor.
Note that the performance gain can be considered to be the amount of
time taken to solve the entire system (the sum of “factor”, “solve” and
“source calculation” time) as compared to factoring once, and reusing
the factor to repeatedly solve the system. There is additional run
time overhead involved in copying the solution to a 3D texture in the
graphics card. . . . . . . . ...

Algorithm to build [K€]. . . . . . ... ... . oL
Linear time algorithm to calculate U,;(r) . . . . . ... ... ... ..

A comparison of timing results for calculation of U,; given a linear
time search of intersections and the optimized intersection test shown
in Table 6.2. . . . . . . . . .

Progression for timings and non-zero fill rate as mesh size is increased.
These numbers were generated from the five iterations on the full sub-
division mesh in Figure 6.4(a). The non-zeros in [K]| increase roughly
linearly with the number of elements in the mesh. The non-zeros in
the L factor increase roughly by an O(nlogn) factor, while the factor
and solution time increase approximately as O(n?). . . . ... .. ..

Results of Gaussian quadrature routine on a simple triangle with a
modified Bessel function singularity. These results show that adaptive
Gaussian quadrature is a feasible method for directly evaluating the
function even though the singularity still resides init. . . . . . . . ..

Xvi

Page

33
70

71

71

75



8.1

8.2

Optical properties for the simulation shown in Figures 8.4a and 8.5.
The source wavelength is assumed to be 950nm. (TAssuming g = 0.9.;
*Wavelength = 960nm.) . . . . ... .. ... L.

Progression for timings and non-zero fill rates as 3D mesh size is in-
creased. These results were generated from a lem? cube which was
evenly meshed. The solution time is the amount of time to calculate
{Ua} from [K|{U;} = {b} given the factorization [L]. . ... .. ...

XVvil

99



CHAPTER 1

INTRODUCTION

“Light s the first of painters. There is no object so
foul that intense light will not make it beautiful.”

— Ralph Waldo Emerson.

1.1 Thesis and Contributions

This dissertation addresses and answers the following questions: “What is the
complete distribution of light in arbitrarily shaped tissues with varying optical prop-
erties?” and “How can the error in a finite element solution of light scattering be
estimated with the diffusion approximation?” Although the scattering of light is
widely studied, the simulation of scattered light in non-trivial geometries and ma-
terial properties is much more complex and requires further study. In short, this
dissertation describes the mathematical models which describe the propagation of
light, how the process can be simulated on a computer, and how the error in that
simulation can be determined. This dissertation also applies these results to synthe-
size realistic images involving subsurface scattering on the computer as well as show
how light can be used as a diagnostic tool in medical applications.

Subsurface scattering is the process which refers to light that enters a material,
becomes scattered inside, and exits in a different location and different direction than

1



it entered. There are several mathematical formulations to describe light propagation
in space. Depending on the problem studied, light can be modeled as a wave or a
particle. In general, Maxwell’s Equations are applicable for “small” regions where
the wave behavior of light is observable, such as light transport through sub-cellular
regions. The particle model is applicable at larger scales, such as the macroscopic
tissue level and would be modeled with the transport equation. This dissertation
focuses on a reduction of the transport equation, namely the diffusion approximation,
which is extremely accurate in predicting transport in highly scattering material.

The contributions of this dissertation benefit two realms of research: computer
graphics and biomedical optics. Not only does this work borrow ideas from each area
and lend to the other, but also new methods are proposed which contribute to both. In
the field of computer graphics, researchers are interested in developing better methods
for reproducing visual light phenomenon. While many modern methods are physically
based, the physics are often sacrificed for the sake of efficiency so long as the visual
quality is not affected. While this approach satisfies the visual aspect of computer
graphics, it may hurt it in the long term since researchers tend toward a “hacker”
disposition and loose focus on the physical processes. To address this issue, this
dissertation presents two physically based approaches to subsurface scattering using
the diffusion approximation with two methods of computation: finite differences and
finite elements. Both are shown to generate quality images and with computational
efficiencies that either operate in real time, or use precomputations to accelerate the
computational process.

This dissertation also makes several contributions to the biomedical optics field.

Although researchers in this area have been using finite elements to simulate scattering



for some time, this dissertation proposes advanced data structures and computational
enhancements which improve the efficiency of many of the calculations. Furthermore,
methods for grid refinement (using hanging nodes) and error estimation (using a novel
method of moments estimator) are presented. These techniques can model light at
any wavelength, so long as the particle model is accurate. In fact, as a capstone, a
3D finite element implementation of near infrared (NIR) light is is compared to a real
world NIR transillumination device in Chapter 8.

The content of this dissertation is written such that not only are the contributions
of the author presented, but also enough mathematical background on the subject
(light transport) is given for both the sake of reference and completeness. The end
goal is to provide enough information such that any graduate student of computation
science may re-implement the results presented here.

The rest of this dissertation is organized as follows. In Chapter 2 previous research
related to this dissertation topic is presented. In Chapter 3 the mathematical and
physical framework is presented to provide the basis for Chapters 4 and 5 which use
the finite difference and finite element techniques to solve the distribution of light
scatter in highly diffuse materials. In Chapters 7 and 6 error estimation techniques
and adaptive grid refinement are presented. Finally, Chapter 8 contains a technique
which uses finite differences to simulate near-infrared light diffusion in human tissue
and compares the images that this technique produces with those from those real-

world devices. Conclusions and continuing work are presented in Chapter 9.



1.2 Motivation

In the field of computer graphics the study of light is often focused on the simula-
tion of visible light for realistic image synthesis. Along this line there are essentially
three popular directions of research. Although the end goal is always to develop
an algorithm to recreate the visual effect of some light related behavior, several ap-
proaches are often taken to meet that goal. The first is a push to understand the
physics first, then model the physics as accurately as possible to create the most real-
istic appearance. Often optimizations are critical in these sorts of applications so that
the algorithms can complete in some reasonable amount of time. Although work in
this area is few and far between, it is often fundamental for the rest of the community.
Some examples of this type of research includes the classic work by Kajiya [36] which
is the basis of all ray-tracing algorithms in computer graphics today. This type of
work also includes the in-depth studies of “velvety” light phenomenon on human skin
by Koenderink and Pont [41] and the accurate model of light reflection from wood by
Marschner et al. [46].

The second approach is similar to the first but seeks to achieve simplifications of
the physics in order to trade off visual quality with rendering efficiency. Examples of
this type of work include the many simplifications of photon mapping by Jensen [33],
precomputed radiance transfer by Sloan et. al [64], and simplifications made to the
scattering model (such as only considering scattering that propagates toward the eye)
to aid in hardware implementations of volume rendering by Kniss et. al [40].

Finally, the last approach is an attempt to simulating the resulting visual phe-
nomenon while making physically implausible simplifications to the physics. Tech-

niques such as these are critical to real time entertainment applications where low
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quality effects are acceptable so long as the frame rate is high. Interestingly, due to
the increase in computational power of console and desktop devices, research in this
area is focusing toward more physically based approaches. However, many of these
relatively simple and procedural techniques are still prevalent in day-to-day graph-
ical applications such as texture mapping [28], Perlin noise [53]|, and the polygonal
approximations to ray tracing by Shirley and Tuchman [62].

It is impossible to categorize all computer graphics research into three categories,
but for the sake of discussion these reasonable characterize the research that is con-
ducted in this area today. This dissertation attempts to deal with problems in the
first area. Specifically by studying the mechanism of light diffusion in organic mate-
rials and developing techniques for the solution of the equations which describe this
phenomenon as well as techniques for accelerating the calculation, estimating the

error, and refining the solution.

Why make more realistic graphics? In the end, why bother developing better
graphics techniques? If the end result is to just make gorier “shoot em’ up” games,
or prettier computer generated movies, this hardly seems to be a noble task to devote
ones life to. One could also argue that research into more realistic graphics techniques
should be researched for it’s own sake. But, this author feels that it can be, and should
be, much more.

Humans are visual beings. The understanding of ourselves self is largely dependent
on what we see. Images of pristine forest, a crowded polluted city, or a sunset over
the ocean can invoke a variety of states of mind across many people. When we starts

to investigate why the light filters through the leaves in just that way, what makes



the pollution cause the sky to turn yellow, or why the sun distorts itself as it sets, we
start to not only understand the physical nature of the world around us, but how it
affects our own state of mind [54]. Learning to accurately reproduce the visual world
allows us to create our own realities, and explore ourselves in a way that wouldn’t

otherwise be possible.

How far can it go? Is it possible to artificially reproduce the visual world so
accurately that even a human couldn’t tell the difference? Even using the current
formal model of computation,! this author believes the answer is yes. Consider the
following “back of the envelope” calculation.

Although there are many variables which must be factored into the design of a
visual virtual reality system, two main components are arguably one of more critical
aspects of such as system: resolution and computation.

Consider resolution: the human eye has a field of view of approximately 130° x 160°
and an angular resolution of about 0.02° — 0.03° [15]. Discretizing this resolution
into “pixels” discretizes the resolution of the human eye into approximately 6500 x
8000 pixels (about 40 times larger than the author’s current desktop). Due to the
phenomenon of “persistence of vision” (the ability of the brain to retain the image
from the human eye for a brief moment) we would need to refresh each pixel of a rate
of about 60 frames per second (fps)?. Which brings us to the computational needs.

The next question is, how much computation would have to go into one pixel in
order to render that pixel in such a way that it was indistinguishable from observing a

LA Turing machine.

2The standard video record rate for the U.S. and Japan, is 59.97, which has always looked good
to this author.



“pixel” from the real world. Given that techniques exist today which can render very
realistic images of complex phenomenon it is the author’s opinion that approximately
1T FLOPS (10'2 floating point operations per second) would be sufficient computing
power to render a pixel with such accuracy that it was indistinguishable from reality.

So, how much power would it take to render a 6500 x 8000 image at 60 fps given
1T FLOPS per pixel? As a comparison the machine which the author is using to
write this dissertation® would require about 10 minutes to render a 1T FLOPS pixel.
Rendering a 1280 x 1024 image (the current resolution of the author’s desktop) would
require about 3 months, or about the same amount of time required to typeset a
Ph.D. dissertation. Rendering at human eye level resolution would require just under
a millennium. Certainly the author’s computer is not up to the task of simulating a
real-time visual environment at human level resolution, but what about in the future?

As of the time of this writing the fastest computer in the world could process
2.3 x 10 FLOPS. This is only enough to generate a real time visual simulation for
a resolution of about 86 x 60 at 60 fps; about 10° times too slow for human eye
resolution. Although a speedup of 10° for today’s supercomputer seems prohibitive,
consider that the fastest computer today is 10° times faster than its counterpart only
9 years ago! It is conceivable that within the next 25 years such a machine would
be widely available to simulate the visual physical phenomenon that we as humans
consider to be reality. In the next half century the next generation console, “Nintendo
True Reality” system could be much more than just a marketing gimmick.

It is the hope of this author that the work presented within will contribute to

some small degree to make such a reality come true.

3A measly Pentium 4 2.40 GHz CPU.



CHAPTER 2

BACKGROUND AND RELATED WORK

“When a man tells you that he got rich
through hard work, ask him: "Whose?’ 7

— Don Marquis.
While the work presented in this dissertation covers the simulation of the prop-

agation of light in organic materials, the applications of such work are widespread.
In Section 2.1, similar work in the field of computer graphics is presented to give
the reader a background in the kinds of applications and previous techniques where
such light studies are important. Furthermore, a large portion of this dissertation
also covers the solution of the diffusion equation through the finite element method,
and seeks to improve the solution through error estimation and mesh refinement
techniques. The material presented in Section 2.2 describes the mathematical and

physics-related work in which this dissertation is based from.

2.1 Visual Precision

In 1950 S. Chandrasekhar published Radiative Transfer [11] in which he presented
the transport equation;* a description of “the propagation of electromagnetic radi-

ation through an atmosphere which is itself emitting radiation, absorbing radiation

4Depending on the subject area, the transport equation is also often referred to as the “equation
of radiative transfer” or the “equation of transport.”
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and scattering radiation.” Essentially this equation treats light as the flow of “flux”
and accounts for all the scattering, absorption, and generation of such flux in any
medium. It is today the basis for all light propagation models in computer graphics.

The transport equation itself does not inspire any obvious algorithm for image
synthesis. In fact, it wasn’t until 1984 when Kajiya proposed the Rendering Equa-
tion [36] as a method for capturing all light interactions in a scene which could
be captured with a synthetic camera. Essentially, Kajiya’s approach was a Monte
Carlo® ray tracing solution to the transport equation developed by Chandrasekhar.
Raytracing has become so common that it is often one of the first techniques taught
to computer graphics students to generate realistic images.

Although Kajiya’s Rendering Equation can theoretically capture all interactions
of light in a material, the cost to calculate such interactions can exponentiate in terms
of the number of the number of rays traced, reflections captured, and rays spawned.
Although ray tracing is commonly used today, often it is supplemented with other
techniques for calculating expensive effects such as soft shadows, global illumination,
and the major subject of this dissertation, subsurface scattering.

There are a few historical techniques which are not often in use today, but are
still significant to the are which are worth presenting. One of the first approximations
to subsurface scattering was created by Blinn in order to visually recreate the effects

>The Monte Carlo method, presented in [50], is a class of techniques which are used to estimate
the solution of complex integrals which are otherwise too complex to solve analytically or using
simpler numerical techniques. Essentially the method involves stochastically sampling the domain
of a function until the method converges on a solution. Due to its slow O(/n) convergence rate
(n is the number of samples) the Monte Carlo method should be avoided unless there is no other
practical method for solving the problem.

Monte Carlo is also a tourist resort in the principality of Monaco, whose total area is 3/4 of a
square mile, which has been famous for its gambling casinos since 1861. The citizens of Monaco,
called Monégasques, are exempt from taxes, and forbidden to enter the gaming rooms. Presumably
they not restricted in using Monte Carlo methods for recreational mathematics.



caused by the rings of Saturn [7]. Specifically, effects observed by the Voyager 1
and 2 probes saw that although light reflected off the rings, some light scattered
through to the far side. Knowing that Saturn’s rings mostly consist of dust and
ice, Blinn developed an analytic single-scattering model (to be described in detail in
Chapter 3) based on the angle between the viewer and the light source with respect
to the orientation of the rings. This type of a model generates high quality visual
results for thin uniformly lit surfaces which conform to the single scattering model.
Another expensive light calculation is that of diffuse intereflections, specifically the
phenomenon that occurs when indirect light is reflected off one surface onto another.
A classic example of this is the “Cornell Box” first presented in [24]. The box is
a simple scene consisting of an overhead light source in a box with one open wall
which the camera looks in on. The two opposing walls on the left and right are
colored while the rest of the surfaces in the box are white or cream colored. When
the light is switched on, light reflections from the colored walls cause the neutral walls
to become colored as well. Physically, white light is hitting the colored walls, being
absorbed then reflected as colored light. This colored light then hits the neutrally
colored wall and reflects back into the camera, thus giving the neutral wall a colored
appearance. Although this effect can be simulated with ray tracing, it requires an
enormous number of rays to be traced in order to reduce the noise to some acceptable
level. Using radiosity, one simplifies the problem by discretizing the surfaces and
calculating the interactions in between. Although this technique is currently less
popular, it is similar to the method of finite elements which is described in Chapter 5.
The most modern and widely used technique to capture global light intereflections

(to include subsurface scattering, indirect lighting, and other light effects) is photon
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mapping, a technique developed by H. W. Jensen [33]. Although photon mapping is
still a Monte Carlo ray based approach to solving the transport equation, it makes
clever use of k — d trees trees [22] to reduce the number of rays necessary to generate
a low noise image. Photon mapping tends to start to stray from the physics of
the original transport problem by estimating power density based on local photon
density; specifically this approximation breaks down in corners and edges of surfaces.
The approach presented in this dissertation takes a more mathematical approach to
a similar problem which has some advantages over pure photon mapping, such as
increased computational efficiency and effective error estimation techniques.

Finally, since the advent of programmable graphics hardware there has been a
push to move many of the expensive light calculations to the graphics processing unit
(GPU). This has inspired a variety of research ranging from clever direct implemen-
tations of numerical techniques on the GPU to surprising new algorithms specifically
designed for GPU hardware [10, 14,27, 43,48,49,57]. Many of these algorithms are
“hacks” of otherwise physically based visual phenomenon. These techniques are only
mentioned in passing since this dissertation does not deal with any GPU implemen-

tations of light scattering algorithms.

2.2 Mathematical Precision

The previous section discussed related work in the computer graphics field, that
is research which was geared toward realistic image synthesis. The work presented in
this section focuses on research which relates to either the mathematical modeling of

light, or current computational approaches to model it.
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An excellent reference for the physical properties of scattering light and the math-
ematics behind it is S. Prahl’s 1988 Ph.D. thesis [56] in which he presents several
techniques for modeling light scatter. Several of the techniques he presents such as
the adding-doubling method and the Delta-Eddington approximation are only valid
for one dimensional, or infinite slab configurations. However, his description for
Monte Carlo light transport is excellent and is valid for any type of material in any
configuration. Many researchers still use this type of solution even today.

Recently the boom in the bioengineering sector has stimulated an interest in study-
ing light propagation in human tissue for a completely different reason. An interesting
property of near infrared® light is that it is extremely permeable to most human tis-
sues and can thus be used as a non-invasive diagnostic tool. Such uses include blood
oxygen availability [4], brain activity monitoring [71], and near-infrared transillumi-
nation for the noninvasive observation of blood vasculature which will be presented
in Chapter 8.

Researchers in biomedical optics tend to take a different approach to modeling
light propagation than the computer graphics community does. While the computer
graphics researchers are interested in only the visual end result thus simplifications
in the physics, so long as they result in good looking results, are acceptable. On the
other hand, while the biomedical community may rely on some approximations, in
general the goal is to achieve as accurate computations as possible. Thus, the research
in this area has a more rigorous flavor.

Biomedical simulations of light transport have traditionally been simulated with
Monte Carlo techniques (as Prahl demonstrates in [56]). However, over the past

6Near infrared light wavelengths lie in the range of 0.75-1.4 pm.
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decade, much research has been focused in using the finite element method in simu-
lating light transport. For example, Schweiger et al. use the finite element method
for time domain light diffusion in [59] which presents a variety of boundary conditions
and two specialized source representations in two dimensions. More recent research of
light transport using such techniques has been focused on correctly modeling embed-
ded non-diffusive regions inside of diffuse ones, such as the cerebrospinal fluid (CSF)
layer in the sub-arachnoid space between the skull and the brain. Interestingly, the
most modern solutions to this problem involves a radiosity-style boundary condition
between the finite element mesh in the diffuse region and the non-diffusive region in
the CSF layer [3,5,6,16,18,42].

This dissertation will focus on estimating the error associated with the finite el-
ement method on diffusive regions only. Although error estimators exist for finite
element methods [2,35,51], they are inappropriate for light diffusion equations where
a source is present inside the medium (see Chapter 7). Although this section only pro-
vided a historical view of the state of the art in terms of the physical and mathematical
framework for light diffusion, Chapters 3, 4, and 5 contains relevant derivations as

they apply to the contributions of this dissertation.
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CHAPTER 3

SCATTERING OF LIGHT

“It 1is, indeed an incredible fact that what the human mind,
at its deepest and most profound, perceives as beautiful finds its
realization in external nature... What is intelligible is also beautiful.”

— Subrahmanyan Chandrasekhar.

The theories of the tejas (stream of fire atoms) [55] and the disturbance of the
plenum [23] to explain the nature of light have been disproven. Modern physics cur-
rently understands the wave-particle duality of light as developed by Albert Einstein,
Louis de Broglie, and others. In essence, depending on the scale, one can mathemat-
ically model light as an electromagnetic wave, through Maxwell’s Equations, or as a
stream of photons, through the transport equation.

The transport equation, introduced in the previous chapter and to be presented
mathematically in Equation 3.2, represents light as a “flux,” the amount of photons
which flow through a unit area per unit time, and does not account for the wave
behavior. However, this representation is valid for most all observable light behavior”

and is the basis for the light model in this dissertation.

"The flux representation of light does not account for wave effects such as polarization, interfer-
ence, Doppler effect, and so on.

14



Although the work in this dissertation is diffusion based, the diffusion approxi-
mation is derived from the transport equation. Thus, in Section 3.1 the transport
equation is presented with enough detail to understand the and implement the rest
of the dissertation which depends on knowledge of the properties and terms of the
original transport equation. Furthermore, common approximations to the transport
equations, as well as their derivations will be presented. These include the single
scattering approximation and the more important (for this dissertation) the diffusion
approximation. Finally, an overview of solutions to the transport equation and its ap-
proximations will be presented. The details of the finite difference and finite element

solutions to the diffusion approximation will be presented in Chapters (4 and 5).

3.1 The Transport Equation

The intensity, 7, in a random medium can be divided into two parts, the reduced
incident intensity I,; and the diffuse intensity I;. Reduced incident intensity is the
part of the flux that remains after scattering and absorption. We denote it by I,;(r, 8)
where r is the point at which the flux is measured and S is the unit vector in which

it is propagating. Its behavior satisfies the equation

dl,;(r,8) .
% = —pi (1, 8). (3.1)
where p; is a quantity called the extinction cross section. It is the summation of
the absorption cross section p, and the scattering cross section ps which are both

measures of rates at which photons are absorbed and scattered in a given material.

The solution to Equation 3.1 is a trivial exponential decay.
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The diffuse intensity is not so easy to solve for. This is intensity at the medium
which is caused by light scattering through the medium to that point and whose be-
havior is described the transport equation. To derive this equation one can observe
the properties which cause a change in the flux in some infinitesimal volume. This
dissertation makes the following common assumptions/simplifications about light be-

havior in a volume:

e Light is monochromatic.

e The energy of the non-absorbed photons are kept the same despite any inter-

actions with the medium.

e No internal sources exist in the medium.

Given these assumptions there are four methods which can cause a change in the

photon flux through a volume (see Figure 3.1):

1. Photons which are absorbed inside the volume will decrease the flux.

2. Photons which are scattered into the direction of interest from another direction

will increase the flux.

3. Photons which are scattered away from the direction of interest will decrease

the flux.

4. Photons which arrive from an external source will increase the flux.

Accounting for the assumptions above, the steady state transport equation (no-

tation taken from Ishimaru [31]) is defined as
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Figure 3.1: This figure illustrates the four methods of flux rate change in a volume. The
incident photon stream, absorbed photons, photons scattered into the direction of interest,
and photons scattered away from the direction of interest.

d]d(l‘, é)
ds

= —lalr,$) + 1 / p(8,8) La(r, &)de + e0i(r, 8) (3.2)
47

where p(§,8’) is a phase function (described later in this section) which accounts for
the distribution of scatter and €,;(r, ) is the source function due to reduced incident

intensity defined below
ci(r,8) = 1 / P(8,8) i (r,8) du'. (3.3)

AT Sy

The first term of the transport equation defines the flux at a point r and a direction
§, the second accounts for photons absorbed in the medium, the third accounts for
photons scattered into and out of the direction of interest, while the last term accounts

for a source outside of the medium.

Boundary Condition The diffuse intensity is the part of the intensity which can
only be generated by scattering. Since, I; can only be generated from within the
medium, there should be no inward directed diffuse intensity at the boundary. For-
mally stated
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Iy(r,8) =0 on the boundary when § - it < 0 (3.4)

Where fit is the outward directed normal on the surface.

Phase Functions The phase function, p(8,§’), in Equation 3.2 describes the prob-
ability that an incoming particle in the direction § will be deflected in a direction §’.
Essentially, this is a probability distribution of a scattered particle given the angular
distance between the incoming and outgoing vector. Along with accurate scattering
and absorption cross section values (us and p,) the selection of the phase function is
critical to accurately modeling the light scattering behavior of the medium.

The phase functions used in this dissertation are normalized in the same manner
as by astrophysicists [11], namely the integration over all angles of the function is 1.

In three dimensions this is stated mathematically as

/4 p(8,8) dw = 1. (3.5)

The selection of a phase function depends on the sizes and shapes of the parti-
cles which scatter light in the medium. As an example, an isotropic phase function

(equally likely to scatter in any direction) would be simply®

Piso(8,8) = —. (3.6)

Modified HG Phase Function A common phase function to model the scattering

of light in human dermis, used by Prahl [56], Jacques et al. [32] and Yoon et al. [72] is
8Note that the term 47 in Equation 3.6 and others occurs because of an integral of a constant

over all 47 steradians and the normalization of the phase function; in two dimensions this constant
would be 27.
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the Modified Henyey-Greenstein (HG) function. This function is customizable with
two parameters, xy and g. The variable y ranges from 0 to 1 and defines the amount
of anisotropy present in the phase function. A value of 0 indicates fully isotropic
scattering, while 1 indicates completely anisotropic behavior. The second parameter
g is the average mean cosine and is defined as the integral over all angles of the phase
function multiplied by the cosine of the angle between the incoming and outgoing

directions

g= / p(8,8)(8-§) dw. (3.7)
4
For a normalized phase function, g ranges from -1 to 1, where -1 indicates a com-
pletely backscattering scenario (all incoming particles are scattered directly opposite
from the direction of incidence), 1 is fully forward scattering, and 0 is completely
isotropic. Many physical measurements of tissue scattering properties include values
for g (see Cheong et al. [12]).
Given the understanding of these variables, the modified HG function is

0) = =[x+ (1=l
pm—HG - X X <1+92 _ 29(3086)3/2

- (3.8)

The results included in this dissertation in later chapters use the modified HG

function as the phase function in all related calculations.

3.2 Approximations to the Transport Equation

Under certain physical conditions the transport equation can be simplified for
easier calculation. Two of these simplifications are presented here. The single scat-

tering approximation is useful in media when the ratio of the volume occupied by
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particles to the total volume of the medium is considerably smaller than 0.1% [31].
For example, atmospheric effects such as haze can be accurately modeled using the
single scattering approximation. When the volume density is much greater than 1%
the diffusion approximation gives good solutions which are simpler to solve than the

transport equation directly.
3.2.1 Diffusion Approximation

This section details the steps to derive the diffusion approximation from the trans-
port equation and follows the same derivation as given in Ishimaru [31]. It is necessary
to rederive this equation for the sake of exposition since parts of it are used heavily
in other chapters.

The diffusion approximation is a simplification of the transport equation that
expresses the distributed light intensity not as a vector, but as a scalar. The intuition
being that diffusion has scattered light almost equally in all directions, thus the
intensity at a point need no longer be defined in terms of the direction of observation.
Mathematically we can express the diffuse incident intensity as a summation of a

9

uniform diffuse intensity (independent of direction) plus a small propagation term®.

Formally this is expressed as

I4(r,8) ~ Uy(r) + cFy(r) - § (3.9)

where ¢ is a constant and F,(r) is the diffuse flux vector in the direction §¢ and is
defined by

9This propagation term is necessary to propagate the flux in the medium, otherwise the flux
would be zero everywhere in the medium.
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Fd(r) = / ]d(I', §)§ dw = Fd(r)éf,
4w

(3.10)

where Fy(r) is the magnitude of the diffuse flux vector and Uy(r) is the average diffuse

intensity defined by

Us(r) = — /4 14{r.8) d

T ar

To solve for the constant ¢, note that

and substitute the approximation of I(r,8) from Equation 3.9 into 3.12:

Fyr) = /4 (U(r) + cFa(r) - 8)(5 - 8;) dw

o Ar
Fy(r) = csf-?Fd(r)
4
Fd(r) = C?Fd(r)
3
c = —.
47

Thus, the diffusion approximation of the diffuse intensity is'®

3
Ia(r,8) = Ua(r) + —Fa(r) - 8.
4dm

(3.11)

(3.12)

(3.13)
(3.14)
(3.15)
(3.16)
(3.17)
(3.18)

(3.19)

(3.20)

0Note that the terms of Equation 3.20 are in fact the first two terms of the Taylor series expansion

of I4 about the powers of § - §;.
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Continuing with the diffusion equation derivation, integrate Equation 3.2 over all

solid angles to obtain a power relationship

V- Fu(r) = —4mp,Uq(r) + dmpsUyi(r) (3.21)

where U,;(r) is the average reduced incident intensity defined by

1
UM'<I') = 5/4 Im'(I', é) dw. (322)

Then, substituting Equation 3.20 into Equation 3.2 yields

3 3
VUd(I') = _EMtTFd + E/4 Em'(r, §)§ dw. (323)

where py, is the transport cross section (us(1 — g) + pa). Next, solve for Fy in

Equation 3.23

3 3 I
Euter = —VUd<I') + E a 6TZ'<I', S)S dw (324)
4 A\ A
Py = — ) VU + ) [ e ds (325)
4

and then the result of Equation 3.25 can be substituted into Equation 3.21 to replace

F, as

V- <_ 4_”(utr)‘1VUd(r) + (pgr) /4ﬂ £,4(r,8)8 dw) _

3
— AmpaUg(r) 4+ dmpsUpi(r) + / g(r,8) dw.

Am

(3.26)

Finally, simplifying Equation 3.26 yields the diffusion approximation:
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3
V- (up VU (1) — 3p,Uq(r) = —3p,Uyqi(r) + EV : {M;l/ eri(r,8)8 dw} (3.27)
4m

which can be further simplified to

V- BVUy(r) — AUy(r) + S(r) =0 (3.28)
where
8= ()™ (3.29)
A = 3ita (3.30)
and
S(r) = vUy(r)— %V- {ﬁ (/4 eri(r,8)8 dw)] (3.31)
W) — %v . BQu(r) (3.32)
where
Qui(r) = i’“—; /4 { /4 p(8,8)3 dw] Li(r, &) d’ (3.33)
and
v = 3s. (3.34)

Note that if the medium is isotropic (constant phase function) then the source term

reduces to
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S(r) = vU,(r). (3.35)

Diffusion Boundary Conditions Recall that the boundary on the transport equa-
tion allowed no diffuse flux to enter the medium from the outside at the boundary.
Since the diffusion approximation is expressed independently of direction an approxi-
mate boundary condition can be derived that limits the integration of the total inward

diffuse flux to be zero. This can be expressed in terms of Uy only as

2n- - Ql (I‘)

2 0
perUg(r) — 5 2——Uy(r) + 1
T

375 =0 (3.36)

where 0/0n~ is the normal derivative in the direction inward from the boundary and

N~ is the normal pointing inward.

3.3 Solution Methods

The rest of this dissertation focuses on how to solve Equation 3.27 to accurately
model light diffusion problems in highly scattering media. Specifically, Chapter 4
solves the diffusion equation using the finite difference method and demonstrates
how Cholesky Factorization can be used for rendering subsurface scattering effects
on the computer at interactive rates. Chapter 5 will examine how the finite element
technique can be used to solve the diffusion equation with the added benefit of local

error estimation techniques and mesh refinement.
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CHAPTER 4

FINITE DIFFERENCE TECHNIQUES

“If God has made the world a perfect mechanism, He has at
least conceded so much to our imperfect intellect that in order to
predict little parts of it, we need not solve innumerable differential
equations, but can use dice with fair success.”

— Maz Born.

In Chapter 3 the diffusion approximation, the simplification of the transport equa-
tion in highly scattering media, was derived. In this Chapter a solution to the diffusion
equation using finite differences is derived and, among other models, it is applied to
an MRI derived model of the human foot whose inhomogeneous scattering values are
set based on the tissue types in the foot.

The work presented here (previously published in [60] and [61]) is not the first
attempt at solving the light diffusion equation using finite differences. Jos Stam
presented an implementation of multiple scattering as a diffusion processes in [65].
Stam’s diffusion model was also derived from Ishimaru [31] but solved the diffu-
sion process through a multi-grid finite difference scheme and a finite-element blob
method. However, the work presented here models an interesting connection between

light transport through a medium and voltage distributions on a resistive circuit grid.
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Furthermore the work presented here shows how a Cholesky factorization of the re-
sulting finite difference matrix can be used to accelerate subsurface scattering for

repeated light calculations on the same geometry.

4.1 Derivation

The transport model derived here proves that the solution for light propagation
through highly scattering media is analogous to voltage propagation through a re-
sistive network. Although this process can be implemented numerically, the circuit
model is presented as an interesting analogy. The derivation in this section shows
how light is related to current and how the solution of a resistive network is the same

as the solution to the diffusion approximation.
4.1.1 Irradiance is Related to Voltage

Irradiance (radiant power per unit area) is the integration of incoming radiance
over all directions, its units are W/m?. Hence, irradiance can be formed in terms as

power per unit area:

d¢ p
L = 4.1
dA dA (4.1)
Likewise, power can be realized as a product of voltage and current:
dw dw dq
Sk 4.2
P="a T ag ar " (4.2)
From Ohm’s law, Equation 4.2 can be rewritten in terms of voltage only:
2
v
= —. 4.3
P=75 (4.3)
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Resistor R has no physical significance in the solution other than to scale the

11

initial voltage level, hence it is chosen arbitrarily.”* Thus, the relationship between

voltage and irradiance is:

2

Eocs—A;woc\/EdA. (4.4)

4.1.2 Diffusion Approximation in terms of Kirchoff Current
Laws

Recall the diffusion approximation from Chapter 3

V- (u VU (1) — 3uUq(r) = —3p,U,i(r) + %V : |:/“L7;1/ &,(r,8)8 dw] (4.5)
4m

which can be expressed in a simpler form

Vi —au = ¢ (4.6)

where
u 1s the diffusion term

a absorption coefficient
€ source term.
Assume the volume of interest is discretized into equal Cartesian cubes of width

h. Using first order forward and backward difference operators Equation 4.6 can be

expressed in finite difference form:

Eijh = —Uijk + 73 [Po(Uijk) + <o (Usj) + Dy (uie)+

QY (i) + Dy (wije) + < (k)] (4.7)

where the forward and backward difference operators >, and <, are defined as

' The author commonly selected a value of 1k(.
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Po(Uijk) = Witk — Wik (4.8)
qx(ui,j,k) = Ui-14k — Uijk- ‘

As shown previously, it is possible to represent irradiance in terms of voltage
or current. Thus, u;;; is treated the voltage potential in the middle of a finite
volume centered at position (7,7, k). To model the potential for current to spread
to neighboring finite elements neighboring volumes are connected through discrete
resistors. The values of said resistors represent the likelihood of current to pass
through the space between the two points, much like a phase function.

Thus, Equation 4.7 can be expressed as a current equation in terms of node

voltages and resistances for every cell (i, j, k):

+

AvVsije — Vijk n 1 <AvV§+1,j,k: +Av‘/i—1,j,k

B2 . .
Rsi,j,k Rgz‘,j,k h Rl+7J7k Rz—,y,k

AvViivie  AvVij_ik
_|_

Rijik Rijk
AvVijkr1  AvVijk—
+
Rl7j7k+ Rl7]7k_

where Ayv =v —V, ;;, and Ry ;; is defined as the resistor connecting nodes (3, j, k)

(4.9)

and (i + 1, j, k), similarly, R,;_ ;x indicates the resistor connecting nodes (i, j, k) and
(1 —1,7,k) and so on. These resistor values represent preferred scattering directions
in the material, where the lower the value, the higher the scatter. These resistors are
generalization of the extinction and scattering coefficient.

Recall from Section 3.2.1 that the boundary condition in the diffusion equation
requires that the enforcing that the inward integral of the diffuse intensity on the
boundary must be zero. This condition can be enforced on the finite difference for-

mulation by using the following equation for boundary nodes:
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5] 7k 7]7k — O (4'10>

h

where node (7', j', k") is the closest node to the boundary along the normal.

Since this model is based on a diffusion approximation note that it will not be

able to handle scattering in following material types

e Transparent materials, since there is very little scattering in such materials,

thus causing the transparent appearance.

e Materials too thin to allow the diffusion effect to occur.

In both these cases a first order (single scattering) approximation would be a

better model to capture these effects.

Validation To validate the model a two dimensional 15 x 15 grid was implemented
to compare with the diffusion approximation given by the Jensen et al. model [34].
The optical properties that were chosen were within range of the “Wholemilk” data
recorded in the same paper.

The input to both grids was a step function shown in Figure 4.1(a). In the model
presented in [34] this corresponds to a unit level of irradiance incident on the surface,
while in the model presented here it corresponds to setting the middle group of cells’
source voltage to approximately 1 volt. The results shown in Figures 4.1(b) and (c)
show that the response from the [34] model and the impedance network to be quite

similar.
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4.2 Implementation

This section highlights the critical design choices made when implementing the
scattering/impedance diffusion model presented in Section 4.1. Specifically, the stor-
age choice, solution technique, efficiency enhancements, and rendering algorithm are

presented.
4.2.1 Storage

As presented earlier, Equation 4.9 defines the scattering equation for every cell.
Since this model limits light transport to only neighboring cells, each equation will
be dependent on at most six other equations. Thus, the resulting matrix representing
the system of equations is sparse where an impedance grid of size 7 x j x k will generate
a matrix of dimensions (i - j - k)% with at most 6i - j - k non-zero elements.

To store the linear system the author used a compressed column storage mode
used by the TAUCS linear solver library [67]. This technique requires approximately

2d + 2n space to store n non-zero elements in a matrix of size d x d.
4.2.2 Solving the system

Once the matrix representing the linear system of equations is built (using Equa-

tion 4.9 and the known scattering properties of the medium) a system of the form

[A{z} = {0} (4.11)
must be solved. The matrix [A] is defined by Equation 4.9 and vector b contains the

source values found at each node. In general, Equation 4.9 generates a matrix that is
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both symmetric and positive definite (so long as resistor values are chosen such that

the matrix remains diagonally dominant).
4.2.3 Efficiency Enhancements

Precomputation There are many methods for solving systems of the form [A]{z} =
{b}. However if [A] is positive-definite, Cholesky decomposition is an economical

method for decomposing [A] into the form

4] = [Lz]”. (4.12)

Once the factor is calculated, one solves [A]{z} = {b} by first solving [L|{y} = {b}
for {y}, then [L]"{x} = {y} for {x}. Solving these smaller problems is an inexpensive
process since both vectors {y} and {z} can be directly solved using back and forward-
substitution. Furthermore, if [L] is sparse the computation time decreases further.

Unfortunately, simply because [A] is sparse does not guarantee that its Cholesky
factor will also be. In fact, in the worse case the factor could be a full matrix!
Fortunately, graph partitioning algorithms exist which can be used to precondition a
matrix such that the fill ordering of its factor is also sparse [39]. In this implementation
the author used the sparse matrix package, TAUCS [67], which preconditions the
matrix using the the multilevel graph partitioning algorithm implemented in the
METIS [38] library.

Using these techniques, Table 4.1 shows the fill rates given original number of non-
zeros in the matrix. In general, Cholesky factorization increases the fill of the factor
by less than an order of magnitude. The “Upper Bound Fill” column was estimated

by assuming that in the worst case, every unknown would fill an upper triangular row
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completely. Note that actual fill rates are at least two orders of magnitude smaller

than that of a potentially full factor.

Efficient Source Calculation The vector b defines the value of source voltages
at all the nodes in the scattering mesh. The value of the voltage at a node should
be proportional to that of the value of ¢,; at the same point. However, reasonable
simplifications can be made to reduce the complexity of calculating b. First, the
diffusion approximation is only valid in materials where scattering is the dominant
transport mechanism. Practically, this means that the mean path, defined as the
average distance a photon travels before scattering, is quite short with respect to the
size of the global geometry. Thus the value of ¢,;, which is defined as the amount of
light which is unscattered and unattenuated, drops off significantly a small distance
beneath the surface where it has little effect on the final solution. One can take
advantage of this exponential falloff by only calculating values for b in cells which lie
on, or touch the surface of the object. Internal cells are assumed to have no source.

Finally, to determine if a cell has any light incident upon it, one can trace a
shadow ray from the corners of the cell to the light source. If any of the corners of
the cell are illuminated the voltage is initialized based on the inner product of the
average normal of the polygons with the light vector. In order to accelerate the ray
test, which is critical for interactive scattering updates, an octree data structures is
used with with eight levels and up to six primitives per leaf to be stored in the leaves
(see Figure 4.2).

Since the scattering matrix [A] is independent of any light source, the factor [L]

can be kept in memory and {b} can be updated when the light source changes. One
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Al model

U

Grid Factor Uy Solve Non-Zeros Non-Zeros Bg:r‘f;
Size Time Time Time in [4] in [L] Fill for [1]
64x64x32 25.438s 7.250s 0.453s 2.40 x 10° 5.37 x 10° 8.00 x 10%
32x32x16 1.593s 1.422s 0.046s 3.92 x 10* 3.99 x 10° 2.13 x 107
16x16x8 0.031s 0.281s < 0.001s 6.76 x 10° 5.35 x 10% 6.35 x 10°
8x8x4 < 0.001s 0.046s < 0.001s 1.09 x 103 4.70 x 103 1.65 x 10%

Dolphin model

. Upper

Grid Factor Ui Solve Non-Zeros Non-Zeros Bound
Size Time Time Time in [A] in [L] Fill for []
64x64x32 29.750s 2.578s 0.359s 1.26 x 10° 1.54 x 10° 2.20 x 108
32x32x16 0.610s 0.594s 0.047 2.21 x 104 1.35 x 105 6.78 x 106
16x16x8 0.032s 0.141s 0.016s 4.60 x 103 1.56 x 10% 2.94 x 10°
8x8x4 < 0.001s 0.031s < 0.001s 9.00 x 102 3.46 x 103 1.13 x 104

Table 4.1: Runtime statistics for “Al” and “Dolphin” model (See Figures 4.3 and 4.4). [A]
is the scattering matrix, while [L] is its Cholesky factor. Note that the performance gain
can be considered to be the amount of time taken to solve the entire system (the sum of
“factor”, “solve” and “source calculation” time) as compared to factoring once, and reusing
the factor to repeatedly solve the system. There is additional run time overhead involved
in copying the solution to a 3D texture in the graphics card.

can then reuse the factor to determine the new scattering distribution. Table 4.1

shows the speedup obtained by using the factor during the scattering rendering step.

4.2.4 Rendering Algorithms

To summarize, the precomputation algorithm is as follows:

1. Build global matrix [A] based on Equation 4.9.

2. Compute Cholesky factorization, [L][L]T.

3. Compute light source vector {b} (using octree data structure to accelerate in-

tersection computations).

4. Solve for {z} using [L].
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5. If the location or intensity of the light source changes go to step 3.

4.3 Rendering

The general rendering algorithm is as follows:

1. Load a 3D mesh.

2. Build a scattering grid to fit inside the mesh!2.

3. Set the resistor values on the internal grid!®.

4. Perform precomputation algorithm described in Section 4.2.3.

5. Render the image by treating the solved grid as a 3D luminare and projecting
it onto the surface of the 3D model'. The nodal voltages are proportional to

the intensity values exiting the material.

6. If the location or intensity of the light source!® changes go to step 6.

4.4 Results and Conclusions

Figures 4.3 and 4.4 show the differences between scattering and no scattering on
public domain .ob7j models with constant internal impedance. Although the scat-
tering model can be used to calculate subsurface scattering effects on inhomogeneous

12The mesh can be generated with many methods, but for our implementation we embedded a

cube of cells around the model, then removed cells which were outside of the surface.

13In several examples in this paper we set the values based on a mapping from the MRI scalar
data with the transfer function, see Figures 4.5 and 4.6 and [60] for details.

14n Figures 4.2, 4.3 and 4.4 we used OpenGL to do the rendering, while Figures 4.5 and 4.6 are
rendered in Maya.

15There is no limitation that the light source be a point source. In fact, Figures 4.5 and 4.6 both
are illuminated from area light sources.
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models such as Figure 4.5 and 4.6, the author has found that the calculation of the
light source vector is too expensive to calculate in real time due to the higher grid
resolution required to accurately capture the self shadowing effects in the subsurface.

The time expended on precomputation and solving and non-zero fill stages are
described in Table 4.1. Although denser meshes should give more accurate results,
experiments show that low density meshes give appealing visual results while also be-
ing coarse enough to update the subsurface scatter at interactive rates (approximately
0.5-1 frames per second (fps) on a 16 x 16 x 8 grid). Since the implementation was
realized in OpenGL additional overhead was incurred with updating the 3D texture
per frame as the light source moved, thus the render times are not only the source
calculation plus solve times as shown in Table 4.1 but also the time necessary to copy
the 3D texture to the graphics card. However, if the light source is fixed the rendering
becomes trivial since the 3D texture need not be updated. In this case completely

interactive (304 fps) rates can be achieved.

4.5 Discussion

The finite difference technique can be used to simulate subsurface scattering effects
in diffuse materials for visual purposes. An advantage of the finite difference method
is that is is easily implemented for any problem which can be fit into a Cartesian grid.
Although finite difference methods can be adapted to non-cubic grids it is difficult
representation to implement. The next chapter contains a solution to the diffusion
approximation using the finite element method which is easily adaptable to arbitrary

geometries.
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(b)

Figure 4.1: (a) The step initial source value. (b) Response of Jensen et al. model with
o, = 0.0041 and ol = 2.6 (left) vs. Response of our model with 1.18V step input and all
resistors set to 1kQ (right).

Figure 4.2: Octree used in calculating source vector for (a) “Al” model and (b) “Dolphin”
model. Levels range from blue (lowest) to yellow (highest).
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Figure 4.3: (a) “Al” model with no subsurface scattering and with embedded subsurface
grids of size (b) 8x8x4, (c) 16x16x8, (d) 32x32x16 and (e) 64x64x32.
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Figure 4.4: (a) “Dolphin” model with no subsurface scattering and with embedded sub-
surface grids of size (b) 8x8x4, (c) 16x16x8, (d) 32x32x16 and (e) 64x64x32.
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Figure 4.5: Side lit foot with no scattering vs. scattering.

39



Figure 4.6: Bottom lit foot with scattering but uniform impedance vs. bottom lit foot
with non-uniform impedance values based on MRI density values.
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CHAPTER 5

FINITE ELEMENT APPROACHES

“Science is a differential equation.
Religion is a boundary condition.”

— Alan Turing.

In the previous chapter a finite difference solution was derived for the steady state
light diffusion equation and applied to real world data to generate visually realistic
results. However, errors exist in the finite difference formulation whenever a Cartesian
grid cannot be perfectly embedded in the geometry. In this chapter, a finite element
solution to the diffusion approximation is proposed. It has the advantage of being
easily applied to grids of various shapes and thus allows refinement on the grid on
regions where the error is high. Later chapters will illustrate a novel grid adaptation

and error estimation scheme.

5.1 General Derivation

This section will formulate the system of equations for the diffusion equation using
Galerkin’s method [2]. First, the formulation will be presented in a general form and
in later sections refined to two and three dimensional domains. Galerkin’s method is

a weighted residual method which seeks the solution by weighting the residual of the
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differential equation. In the case of Galerkin’s method, the weighting functions are
selected to be the same functions which interpolate the solution.

The finite element method solves for solutions along the nodes of the discretized
domain. Given the solutions at the nodes we can derive an expression for the unknown

solution in an element using the interpolation functions

Ui(r) =) ¢5(r)Us = {¢°(0)} " {Ug} = {Ui} " {¢* (v)} (5.1)

j=1
where n is the number of nodes in the element, U, gj is the value of U, at node j of the
element e, ¢f is the interpolation function for node j of element e and the notation

{x} defines a column vector of the form [x; %y ... *,]T.

5.1.1 Domain Discretization (2D)

In this dissertation, the two dimensional finite element grids will use triangular
elements over the domain 2 with the following common restrictions: elements are
connected via their vertices and no vertex of one element can be internal to the side
of another. Furthermore, one should avoid generating narrow triangular elements or
elements having a small inner angle since they tend to increase the solution error.!®

The elements and nodes are labeled with separate sets of integers for identification
(element numbers and node numbers). Furthermore it is convenient for formulating
the system of equations to have the concept of “local node numbers” and “global node
numbers.” The local node number is simply the number assigned to a vertex within

an element, in the case of triangular elements, element number e will have local nodes

16The reason that “poorly” shaped triangles cause greater error occurs because the element itself
is still linearly interpolated. Thus, the longer the element the less accurate the interpolation scheme
becomes.
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1, 2, 3. While the global numbers of each node will likely be different. A connectivity
array is a conceptual device used to relate local node number, global node number
and element number to each other. In the two dimensional problem here this array
has dimensions 3 x M where M is the number of elements. The connectivity array
is denoted n(i, e) where i is the local node number, e is the element number and the

value is the global node number.

Figure 5.1: Example 2D subdivision

5.1.2 Domain Discretization (3D)

In three dimensions the volume is subdivided into a number of small volume
elements, the derivation for this section will subdivide using tetrahedrons. Here,
element e will have local node numbers 7 = 1,2,3,4. An example element is shown
in Figure 5.2.

For this dissertation the faces bounding this figure are arbitrarily defined as fol-

lows:
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Figure 5.2: Linear tetrahedral element.

Face | Vertex 1 Vertex 2 Vertex 3
1 1 2 3
2 1 3 4
3 1 4 2
4 4 3 2

5.1.3 2D Elemental Interpolation

Figure 5.3: Point r within a triangular element.
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In this section the linear interpolation functions ¢ are defined. Noting Figure 5.3

the area of the triangle given by the points r23 = A; is defined as

1Ly
Al = 5 1 T2 Yo (52)
1 x3 ys
1
= 5[@293 — x3Y2) + 12 (Y2 — y3) + ry(z3 — 22)]. (5.3)

where (z,,y,) is the zy coordinate of the point of interpolation and (xs,ys), (23, y3)
are the xy coordinates for nodes 2 and 3 respectively. Furthermore, the following

useful constants are defined

e __ €,,Ee € .€. e ___ € €. e € €
af = x5ys — ysr3; b = y5 —y5; cf = x5 — 25
e ___ €,,e € €. e __ € €. e e [+
as = x3y; —ysxy; 05 =ys —yi; o5 =] — (5.4)

€ __ .€,€6 _ p€q.€C. e __ e e _ _
as = vy — yirs; 0§ =yi —y5; c§ = x5 — 5.

Using the notation defined in Equation 5.4, Equation 5.3 and the equations for the

other two sub-triangles can be rewritten as as functions of r

1

Ai(r) = i(a‘f + b + rycl) (5.5)
1

Ny(r) = 5(@5 + b5 + rycs) (5.6)
1

As(r) = §(a§ + 105 + 1ycs). (5.7)

Similarly, the equation for the area of the entire element can be derived by evaluating

Equation 5.3 at point (x1,y;).

1 e e e e
where
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Finally given the equation for the area of the entire element, A, the liner interpolation

functions are!”

¢1(r) = A (5.9)
bolr) = 22 (5.10)
Ps(r) = AZ@)- (5.11)

These are the interpolation functions which would be used to in the formula given

in Equation 5.1.
5.1.4 3D Elemental Interpolation

As mentioned previously, once the domain is discretized, one can approximate the
unknown function within each element using the known values at the nodes and a
linear combination of the interpolation functions. This derivation is similar to the 2D
one with linear interpolations, but now the functions are in three dimensions. Thus,

the unknown value u¢ inside the element can be approximated by

u(z,y,2) = a® + bz + cfy + d°z (5.12)

The coeflicients can be determined by enforcing Equation 5.12 at the four vertices.
Denoting uf as the value at node j on element e

1Tt should be noted that the linear interpolation functions derived here are equivalent to the
Barycentric coordinates of a triangle.
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uj = a4+ b°x] + c“y; + d°2]
us = a° + b°x5 + cfy5 + d°z5
ug = a° + b°af + cys + d°z5

ug = a4+ bxf + cy; + d°2;

from which the following is obtained:

where

where

T 6Ve

Y5

€

xé 1

3 4 _ (ee e, e e e e e
= —(aju$ + asu$ + ajug + ajug)

e e 1U1 oUs 3Us 4 Uy

Y3 Yy 6Ve

e e

23 2y

To(Ysza — Yazs) + x3(Yaze — Yo22a) + T4(Y223 — Y322)

x1(Yazs — ysza) + x3(v124 — yaz1) + w4(ysz1 — y123)

1(Ya2a — Yaz2) + Ta(Yaz1 — y121) + T4(Y122 — Y221)

T1(Ysz2 — Yo23) + X2(y123 — Ys21) + T3(y221 — Y122)

1
ug
(1
21

1
us
Y5
Z2

1 1

ug ui 1 bee €, € €, € e, e
° e | = == (bluf + bjus + bsus + byu

vyl 6V€( juy + bjug + biug + bjug)
Z5 2
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(5.16)

(5.17)

(5.18)
(5.19)
(5.20)
(5.21)

(5.22)

(5.23)



= 6Ve | uf

where

and

1
Ly
- 6Ve | yf

uj

where

= Y2y — 23) + y3(22 — 24) + ya(2z3 — 22)

1
Ty

Ug
e

1
Lo
e
Yo
Uy

y1(z3 — 24) + ys(za — 21) + ya(21 — 23)

Y1(za — 22) +y2(21 — 21) + ya(22 — 21)

y1(z2 — 23) + ya(z3 — 21) + ys(2z1 — 22);

1

€
T3
[
Us

e
Z3

1

T 6Ve

e € € _ € e € e €
(clui + cyuy + C3Uz + cauy)

332(2’3 — 24) + 333(2’4 — ZQ) + 374(2’2 — 23)

$1(24 — 23) + $3(Zl — 24) + $4(Z3 — Zl)

21(22 — 24) + 2(24 — 21) + 24(21 — 22)

xl(Zg — ZQ) + xz(Zl — 23) + 1'3(22 — 21);

1
T3
e
Ys
Us

1
Ly
Ya

e

1
~ 6Ve
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(5.24)
(5.25)
(5.26)
(5.27)

(5.28)

(5.29)

(5.30)
(5.31)
(5.32)
(5.33)

(5.34)

(5.35)



di = w2(ys —y3) + v3(y2 — ya) + 24(ys — y2) (5.36)

dy = z1(ys —ya) + x3(ya — 1) + 2a(y1 — y3) (5.37)
dy = @1(ys—y2) + 2(y1 — ya) + za(y2 — 11) (5.38)
dy = w1(y2 —ys) + 22(ys — y1) + 23(y1 — v2). (5.39)

(5.40)

The volume of the element can be expressed as

11 1 1 21 [y2 (24 — 23) + ys(22 — 2a) + ya(23 — 20)] +
e Lot a5 x§ 2 | 1| 2o fyi(zs — 2a) +ys(za — 21) + yalz — 23)] +
6yl vs ys vi| 6| x3[yi(za—2)+y(a — 2a) +yalze — 21)] +

28 28 28 2% xy [y1(22 — 23) + ya(23 — 21) + y3(21 — 22)]

(5.41)

Substituting the expressions for a®, b°, ¢ and d° back into Equation 5.12 yields

(r,y,2 Zgzﬁ (,y,z (5.42)

where the interpolation functions ¢f are defined by

1
———(a§ + bjx + cfy + d5z). (5.43)

(2,9, 2) = =5

General Form For reference Equation 3.28 is stated again

V- BVU(r) — AUy(r) + S(r) =0 (5.44)
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The weighted residual for element e at node ¢ can be derived by multiplying
Equation 5.44 by the interpolation function and integrating over the domain of the

element.

Rt = / 65 (x) [V - BVUS(r)] d2 — / S5 () AUS (r) 2 + / ()5 (r) d 5 45

1=1,2,...,n.

Green’s first identity can be used to convert an integral of a function times the gradient
of a function across a lower dimension to a integral of higher order across a higher

dimension (volume to area, area to line). For area (a) to volume (V') it is stated as

/ d(VV) - da = /V [pV2® + (Vo) - (VI)]dV (5.46)

Using Green’s first identity to convert Equation 5.45 to its weak form'® results in

R = - / Vi (r) - AVUS(r) dO — / G (X)ATS (r) O
+ [swsw ans [ ows (jnvin ) ar G47

i=1,2,...,n

where I", refers to the boundary of element e and the V operator has been changed to

a 8% since the interest lies with the U, on the surface in the direction of the outward
normal. Note that the last term in Equation 5.47 accounts for the continuity of flux
between elements. Physically, this term should cancel out between elements, thus it
is dropped completely unless an element resides on the boundary of the domain. The
removal of this term is a common technique in finite element derivations called the

weak boundary condition.

18The “weak” in the weak formulation comes from the fact that the differentiation requirement
on the variable being solved has been weakened, since the equation now only contains a first deriva-
tive [52].
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5.1.5 Boundary Conditions

For clarity, the diffusion boundary condition is stated again

= ~0. (5.48)

When the boundary of an element lies on the boundary of the domain the last term
in Equation 5.47 is replaced with the boundary condition given in Equation 5.48. In

this case Equation 5.47 becomes

R = - / Vi (r) - AVUS(r) d — / G (X)AUS (r) dO)

0
v [awsw s [ o (5hevim ) ar
B 3ty P(r) 3 (Uj(r)+w) dI’ i=1,2,...,n
2 Jr, 4dr

(5.49)
Where [", is the internal boundary and I'y is the external. Note the sign change on

the external boundary due to the reverse direction of the normal.

5.2 Matrix Construction

Since U§(r) can be interpolated from the values at the nodes, U 51" as in Equa-

tion 5.1 we substitute this equation into Equation 5.47

B = =5 | [ Vot Vo0 an) iy - a| [ o) ao] @)
w8 | e (gorton”) o wiy + [ o) an

i=1,2,...,0

(5.50)

This equation can be written in matrix form as
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{R°} = [K{Uz} = {b%} (5.51)

where {R°} =[RS, RS, ..., R,

Kij = /Q [BV;(x) - V5(x) + Agi (x) 5(r)] d— 5 | f(r) [T - VS(r)] dI

I

(5.52)

and

b = /ngf(r)Se(r) dsQ. (5.53)

However, if any nodes ij lie on the boundary of the domain they must account for

the boundary condition (Equation 5.48) by adding the following terms into Kf; and

b
3 tr
Ky =82 | 61()65(r) dr (5.54)
and
s ook ern 207 - Qu(r)
b= [ o (559)

To generate the matrix for the entire FEM mesh, the matrices from all the elements
are summed together. To map the local elemental matrices to the global one we apply
an N x 3 matrix, [P¢], to [K¢| in the form

(K] =) [P K- [P]" (5.56)
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where M is the number of elements and the elements of [P€¢| are zero except for

€ €
elements Py, Pf,

and Pf,, which are 1 where 7, 7, and k are the global node numbers
of local nodes 0, 1 and 2. Similarly the global vector {b} is built off the local element

source vector as

{b} =) [P {v}. (5.57)

e=1

5.2.1 Elemental Equations

Since U§(r) can be interpolated from the values at the nodes, U ji, as in Equa-

tion 5.1 this equation is substituted into Equation 5.47

R = =5 | [ Vo DT an) iy - a| [ o) an] @)
w8 |, 6o (gortown”) | wiy + [ o) an

1=1,2,...,n.
(5.58)
This equation can be written in matrix form
{R°} = [KHUG} — {v°} (5.59)

where {R°} =[RS}, R5, ..., Ry],

K = /Q [BV5(x) - V5(0) + A{(r) ¢5(r)] A2 =5 | ¢i(x) [ - V5(r)] dI”
! (5.60)

and
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b — / 66 (1) ¢ (x) dO2. (5.61)
Q
However, if any nodes ij lie on the boundary of the domain they must account for

the boundary condition (Equation 5.48) by adding the following terms into Kf; and

b;
3fber e e
Ky =% | GE(r)o5(x) ar (5.62)
and
by = —63’;” : g(r) 2 hr) ’47?1(” dr. (5.63)

Since the expansion, and therefore the weighting function associated with a node,
spans all elements directly connected to the node, the weighted residual R; associated
with node 7 is a summation over the elements directly connected to node i. Therefore,
Equation 5.58 may be expanded using the local and global relations and then sum it

over each element to find that

M M
{Ry=) {R}y=) (KHU}—{b'}) (5.64)
e=1 e=1
where the overbar is used to denote the vector that has been expanded or augmented.

The system of equations can then be obtained by setting Equation 5.64 to zero

M

D (KW}~ {0')) = {0} (5.65)

e=1
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5.3 Refinement of General FE Form to a Particular Dimen-
sion
Although the general form of the diffusion equation is derived in Section 5.1 some
decisions must be made about the interpolation functions in order to apply it to a
particular dimension. The following sections assume linear interpolation elements

derived previously and apply the system to both two and three dimensions.
5.3.1 Two-Dimensions

This section contains the derivations for the coefficients of the elements of K
and b for the two dimensional triangular elements defined in Section 5.1.1. In the
case of 2D elements, matrix [K] is a 3 x 3 matrix while vector {b°} is a three element
column vector. For clarity Equation 5.52 is presented again with the weak boundary

condition in effect:

KY = /Q [BVE(x) - Vs (x) + AdE(r) 65(r)] e (5.66)

In this case the linear interpolation functions defined by Equations 5.9, 5.10

and 5.11 are used; thus, the gradients can be evaluated analytically as follows:

1
= —1b%, ¢S

Vi) = 5ol ) (567)

The first term in Equation 5.66 can be evaluated by analytically calculating the

dot product of the divergence operators

1
Ae)?

VOL(E) Vo) = s 018+ i), (5.68)
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and using the following formula'®

[ ()" G dedy = S (509

(l4+m+n+n+2)!

one can integrate Equation 5.66 analytically

e /8 e1.e e e AAE e
where
1 i=y
o = { 0 i
and
b = / 64 (r)S° (x) dO) (5.71)
_ / o (x {VUB _ 3v - ﬁQg(r)] 40 (5.72)

_ /w m——/w Qi) dr. (5.73)

Where S¢€ is the source term on the diffusion equation derived in Equation 3.31. Notice
the integral over the anisotropic Q;(r) term has been replaced as a line integral using
the divergence theorem. To solve the integral over the U,; term we assume that we

can expand US(r) inside the element as a combination of the values at the nodes

que v = {0t ()Y U5} = {U5} {o" (r)} (5.74)

19This formula is derived for both 2D and 3D linear interpolation functions in Appendix A
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Substituting this in for Uy, in Equation 5.73 yields

— v [ o U 050) + U7, 6500) + U, 050 a2
(5.75)
i / ¢:(r) [2* - Q5(x)] dT

Um‘, Um Umk e ,\
ZVAE( o T 12] ) /gb Qi(r)] dr. (5.76)

The second integral can be approximated by assuming that Q;(r) varies linearly
between two nodes on the element, a reasonable assumption if the elements are small.
Thus, the value of Q;(r) can be defined as a function of £ varying from 0 to 1, or

from node i to the distant node j:

F(§,4,7) = Qu(ri)(1 = &) + Qu(r;)¢ (5.77)

Using these assumptions the integral can be solved analytically as follows:

Jr, #5(x) [A+ Qi(r)] dr
[ s(wnw F(E.i0) + Dl - B(E.0.R)) de

)
_nyat ( érz) Qlérj)) 4 [Taulait - (Qléri) n Qlérk)) (5.79)

(5.78)

where r; is the point at node 1, n - refers to the outward normal of the edge whose
endpoints consist of node 7 and j and |[';;| is the length of that edge. To summarize,

b can be approximated as:

e __ e UT’iz‘ UMJ’ Urik
by = vA ( 5 + G + o >
3 i g . i
- g |:|sz|ﬁ:]_ ' (Qlér) + Q1é1" )> + [Dig By, - (Q1§r> + Q1él"k;)>}
(5.80)
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Solving for Q;(r) in 2D With a Point Light Source The general form of Q;(r)

in 2D is

Qi(r) = &/ {/ p(8,8)8 dw} Li(r,8)dw' (5.81)
27 27 2m
assuming that the light source is defined as a “point” i.e. I,;(r,§’) is really multiplied

by the Dirac delta function §(%x — 1) where 1 is a unit vector in the direction pointing

from the light source to point r. Thus Equation 5.81 becomes

Qu(r) = X 1(x,0) { / p(8,1)3 dw] (5.82)
2m o

If the phase function is symmetric around 1 then by definition components which are

perpendicular to 1 will cancel out. Thus one can simplify the calculation of the phase

function by assuming the light is oriented in the X direction, only accumulating the

X component of the phase function then rotating the result back to the 1 direction.

Qu(r) = 1 1) [ /0 " 0(6) cos(&)d@} i (5.83)

The inner integral can be solved using numerical methods.

2D Boundary Condition Since the elements in this case are triangular, one con-
siders the boundary condition on the edge 75 of an element which borders the outer
domain. In this case the elemental matrix [K €] and source vector {b°} must include

the boundary terms associated with such an edge:

3,“157“
2 Jr.

K =0 95 (r)¢5(r) dU (5.84)
if 7 and j lie on I'y and
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3,utr
2

2"* .
2 Qi) o
2

bi = =B A ¢; (r) (5.85)

if ¢ lies on I';.
Since ¢5(r) varies linearly from 1 at node i to 0 at neighboring nodes Equation 5.84

can be written as

L
= ﬂﬂtr| 4|

3 2
=Ty Iﬁgﬂ"/ E(1—¢)dé =T |63”” (—£—+€ ) (5.86)

3 2

¢=1

unless ¢ = j then,

= g, 2 / € de = plr,| (g ) Ll o )

where |['y| is the length of the segment and £ = ¢¢(r) is the variable of substitution.

Note that if node 7 or j does not lie on the boundary, then the interpolation function
will be zero and thus no contribution should be added into Kj;.

The derivation for b; is nearly identical to that of Equation 5.79 except that the

formulation is slightly simpler since only one interpolation function is used. Again

making the assumption that Q;(r) varies linearly from the boundary start and end

points, r; and rj,

b= ﬁ3ﬂm~ ¢e( )%M dr’ (5.88)
_ 3,utr / (be ﬁf . ) dT’ (589)
_ Sutr|F . (Qléro N Qléra')> (5.90)
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Note that if node ¢ does not lie on the boundary, then the interpolation function will
be zero and thus no contribution should be added into b;.
To summarize, if node 7 lies on the boundary of the domain I'y then the following

terms are added to the elemental matrix and source vector:

K = Gy, (5.91)
b= —ﬁutr%\uﬁs-(ng”HQlérj)). (5.92)

5.3.2 Three-Dimensions

This section contains the derivation for the coefficients of the elements of K7; and
b for the three dimensional triangular elements defined in Section 5.1.2. In the 3D
case matrix [K]| is a 4 x 4 matrix while vector {b°} is a four element column vector.

For clarity the formulation is shown in a dimensionless quantity again:

K5 = [ [3960) - Voslo) + k(o) 5(0)] a2 (593)
Q
Using the linear interpolation functions derived in Equation 5.43 the gradients

can be evaluated directly as:

1
V() = [ . (594)
Their dot product is
1
quf(r) . VQZS;(I') = W(bfbje + C?Cj + dfd;) (595)

Using the following formula?® to evaluate the last term in in Equation 5.93

20Derived in Appendix A.
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N du du d k'l m! n! ve

JI] Gt @5 s i) do dy s = G
(5.96)
and Equation 5.95 to evaluate the first term, Equation 5.93 can be integrated

analytically as:

e B rere e, V©
Kij = (36V (B705 + ¢ + did5) + 5 A1+ 0iy) (5.97)

where

1 i=y
5”_{0 i

and

b = / ¢¢(r) S¢(r) dO (5.98)

_ /¢e { U, _%v Qi(r )} a (5.99)

_ /w m-—/ﬁ [0 Q)] dr.  (5.100)

Notice that the integral over the anisotropic Q;(r) term has been replaced as a surface
integral using the divergence theorem [70]. To solve the integral over the U,; term,
assume thatUf;(r) can be expanded inside the element as a combination of the values

at the nodes

Z GOUE, = {0 @Y UL} = (UL {6 ()}, (5.101)
Substituting this in for Ufz- in Equation 5.100 yields
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by = v Q¢f(r>[U&¢§<r)+Ufij¢§(r)+Ufik¢z(r)+Ufn¢7(r)} dQ( |
3 5.102
. / #i(r) [ Qi(r)] dr
— e Urii U’/‘ij Um‘k Uril
-’ ( T T20 T
3 .
. / ¢5(r) [A7 - Qf(r)] dr

The second integral can be approximated using second order Gaussian Quadrature

(5.103)

for triangles:

e e Um'i Uri]’ Urik Um'l 6 : ’ e ~ e
Kiaidd (10 20 "0 T ) _7; Asf;@(mj) [} - Q5 (my)]
(5.104)
Where f stands for the face on the element, A, is the area of that face, mj; is the

5" midpoint on face f and ﬁ}r is the normal on face f.

3D Source Term With a Point Light Source The solution of Q;(r) in three
dimensions with a point light source is the same as that of two dimensions (Equa-

tion 5.83) except for the normalization factor:

Qu(r) = Z—;Im(r,i) {/%p(é,i)é dw} : (5.105)

If the phase function is symmetric we can align the integration along the X axis

then project the solution back onto the light vector

Qi(r) = 1,0 [/ p(8,%)8 - % dw] 1. (5.106)
™ 4
Notice that the inner integral is simply the average cosine of the phase function
from Equation 3.7. Thus, if p is the regular HG function
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/ p(§,X)8 - Xdw=g (5.107)
4m

and if p is the modified HG phase function the same integral becomes

/4 p(8,%)3 - % dw = (1— B)g. (5.108)
Thus,
Qur) = [ L1l D1 - B 1 (5.109)

3D Boundary Conditions To account for the no inward diffuse intensity bound-
ary condition on a segment ij, the elemental matrix [K¢] and source vector {b¢} must

include the boundary terms

S 3:“ T e e
K =p 2t : 5 (r)¢5(r) d (5.110)
if both 7 and j lie on I'y and
Bhter 20~ - Qu(r)
b} = — °(r)————= dI. 5.111
T /8 2 FS ¢7, (r) 47T ( )

Equation 5.110 can be integrated analytically, resulting in

S

s A

Equation 5.111 can be integrated analytically using second order Gaussian quadra-

ture
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3
b = -BLEA, DAt Qulm) (5.113)

where A, is the area of the triangle defined by I'y and m; is the j* midpoint on the

triangle.

5.4 Discussion

The finite element derivation presented in this chapter is applicable to light dif-
fusion problems with triangular (2D) or tetrahedral (3D) arbitrary grids. Note that
the solution calculated by this formulation will be accurate so long as the grid is fine
enough. However, due to the computational complexity of solving fine grids, discre-
tion needs to be applied. For example, it is not necessary to finely grid in places
where the solution is low, however in sections of the grid where the solution is likely
to change quickly (closer to the source or between the boundaries of different material
types) a finer grid is required. This leads to the topic of Chapter 6 which contains a
technique and implementation for adaptively refining grids using a method that does
not require recalculation of the entire mesh and results in elements that are nicely
shaped. Furthermore, to know where one must grid more or less finely a reliable
per-error error estimation technique must be developed. Chapter 7 contains a novel
technique for estimating the error inside a finite element solution where the source
term is present. Finally, a 3D finite element implementation is presented in Chap-
ter 8 and simulates the real world technique of near infrared subsurface scattering in

a human arm.
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CHAPTER 6

HANGING NODE H-ADAPTATION

“I ran into Isosceles. He had a great idea for a new triangle!”

— Woody Allen.

One of the main sources of error is due to the mesh density used to represent the
geometry. Reliable and robust software for finite element simulations requires adap-
tive mesh refinement methods in which the software determines the mesh density
without direct input from the user. This concept has two parts: (1) an a posteriori
error estimate to determine where the error is in the solution and (2) a method to
refine the mesh in regions of high error without reducing mesh quality and leaving
regions with low error undisturbed. Significant work has been done on the first part
(see for example [35] and later in Chapter 7). This chapter addresses the second part.
The approach described here is based on a concept called hanging nodes [69] which
has been recently used to allow nested refinement of elements in non-conforming grids.
This method of finite element adaption lies in a class called h-adaptation, which at-
tempts to refine the solution by subdividing elements with high error?'. This chapter
contains algorithms to efficiently subdivide the mesh to any level of refinement, to

21Other methods for finite element adaptation include r-adaptation, where the vertices of the mesh
are moved, p-adaptation where higher order interpolation functions are used, and hp-adaptation
where a combination of A and p adaptation are used simultaneously.
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calculate the source distribution, and to pre-calculate the scatter interactions for light

source updates.

6.1 Hanging Nodes / h-Adaptation

The hanging node refinement approach subdivides an element by introducing new
nodes along the midpoints of its edges. The resultant mesh maintains the mesh quality
of the original mesh, but it creates a nonconforming mesh since a large element
now borders two smaller ones on the same face. Thus, the standard FEM basis
functions now violate the required continuity conditions at the interface. To correct
for the discontinuity, the basis functions in a large element are modified through the
introduction of “ghost nodes” which do not contribute to the global solution (see
Figure 6.1b). Instead, the ghost nodes are used as markers to identify which of the
parent’s basis functions should be shared across the element [K €] matrix.

In an unsubdivided element integrating [K¢] into the global matrix [K] simply
requires a mapping from the local node numbers of element e to the global node
numbers in the mesh. Thus the ij element in [K*¢] is directly copied to its respective
element in [K]. In the case of a subdivided element which has a hanging node, the
situation is more complex. In this case the hanging node has no global node number,
instead the basis which contributes to that node is one half of one parent node, and
one half of the other. Thus, mapping element ij from [K¢| may involve distributing
some weight to one global node and the rest to another.

Formally this is accomplished by modifying the [P¢] matrix (introduced in Equa-
tion 5.56) such that the basis weights are shared correctly across the boundaries.

The matrix [V is constructed for an unrefined element such that V¢ is 1 only if the
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1. 1

4 5 6

(a)

Figure 6.1: (a): A simple mesh with four elements. (b): Element (2,3,4) is subdivided
by introducing new nodes at the midpoints along the segments of the elements. To avoid a
discontinuity, ghost nodes (indicated by unshaded circles) are inserted at the midpoints of
the elements shaded in light gray.

local node j has the global index ¢. In the case of a subelement a node lies in the
middle of the two parent nodes which generated it, thus its contribution should be
half the contribution of the basis function from each of its parent nodes. To finally
map the local [K¢| elements to the global [K] matrix, the matrix can be expanded
as [V - [K¢] - [V¢]T then added directly to [K]. The algorithm for creating the [K]
matrix in all cases is presented in the Build K subroutine in Table 6.2, which is in
turn based on the algorithm from [69].

One must be careful not to introduce new nodes when subdividing elements where
the neighbor already contains a ghost node. For example, consider subdividing the
element (2,5,6) in Figure 6.1(b). In this case there is already a ghost node defined on
the edge (2,5) which is shared by the three subelements in the neighboring element.
When element (2,5,6) is subdivided the three neighboring elements must be updated
with the new non-ghost node. To efficiently search for previously created midpoints
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a binary tree map is used where the elements are midpoints and the keys are the
two parent nodes that create them. This way, when an element is subdivided it is
simple to look up previously created midpoints in logarithmic time, then if no previous

midpoint existed it is inserted the map.

6.2 Implementation

This section contains the details of an efficient implementation for the two most
computationally expensive steps in calculating the solution of the diffusion equation
in two dimensions, namely source calculation and matrix solution.

The source distribution is calculated from solving for U,,(r) at every node in the
mesh (see Equation B.2) then integrating across the elements as shown in Equa-
tion 5.104. Calculating U,; requires tracing a ray from the node to the light source
and attenuating the source light based on the extinction cross section (o) of the ele-
ments the ray passes through. Since it is possible to have a different material property
in each element of the mesh an intersection must be calculated for each element the
ray passes through.

To avoid expensive intersection tests with all the elements in the node, first all the
elements which contain the source node are tested to determine which element the
ray passes through. Then, one need only intersect the neighboring element across the
face which the ray exits. One continues in this manner until a face is reached which
lies on the boundary of the entire domain. This algorithm is detailed in Table 6.2
and illustrated in Figure 6.2. To efficiently determine neighbors and connected com-
ponents, pointers to connected elements inside each node and neighbor pointers are

stored inside each element’s data structure. Table 6.3 demonstrates the large speedup
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from using this algorithm as opposed to intersecting the ray with every element in
the mesh.

Once the elemental global matrix and source vector are constructed, a linear
system of the form [K]{U;} = {b} must be solved to calculate the diffuse light
distribution. Fortunately the elemental matrix of the diffusion equation is positive-
definite, thus Cholesky decomposition can be used to solve the system as was done

with the finite difference matrix in Chapter 4.

6.3 Results and Discussion

The algorithm for mesh refinement, efficient 2D source calculation and Cholesky
factorization is shown in Figure 6.3 and Figure 6.4 with timings and non-zero fill
entries listed in Table 6.4. Figure 6.3 gives an overview of the base mesh and the
initial source distribution and two sample plots (Figure 6.3c and Figure 6.3d) of the
solved Uy given the coarse mesh in Figure 6.3 and the finest mesh in Figure 6.4a. As
can be seen from Figure 6.3c, the solution on the course mesh has many discontinuities
due to large elements along the boundary while the solution in Figure 6.3d is quite
smooth due to extremely high refinement across the mesh.

Figure 6.4 demonstrates the refinement scheme given a full subdivision on Fig-
ure 6.4a, and several iterations of the same mesh selectively refined in Figure 6.4b.
Finally, Figure 6.5 shows a plot of error versus number of elements in the mesh for
both the fully subdivided mesh and the selectively refined mesh. The same level of
error can be achieved using selective refinement with an order of magnitude fewer

elements than the fully subdivided scheme.
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Build K([K]):
for each parent element e do
//N is the number of global nodes in the mesh
[V€]« is initialized to an empty sparse N x 3 matrix
for all nodes 7 in e
I « the global node number of ¢
Ve=1
call Assemble Element([V¢],[K])
end //Build_ K

Assemble Element([V¢],[K]):
if e has no children
build the matrix [V¢] - [K¢] - [V¢]" and add to [K]
else
for each subelement se in e do
call Build vse([V*])
call Assemble Element([V*¢][K])
end //Assemble_Element

Build.vse([V*9]):
//N is the number of global nodes in the mesh
[V*¢] < is initialized to an empty sparse N x 3 matrix
for each row I of [V¢] do
for each vertex i of se do
if 7 is a vertex of e then
Vir = Vg
else if i is a ghost node then
(a,b) < the edge on e which i is a midpoint
Vit =05 (V, + V55)

for each vertex i of se do
if 7 is consistent and 7 is not a vertex of e then
I — the global node number of 7
vie =1
end //Build_Vse

Table 6.1: Algorithm to build [K*].
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Calculate Uri(node n, point [):
r < is the ray from node n to point [
Utmp < 1s initialized to the intensity of [
for each element e in n.connected_elements do
if r intersects e at point p then
attenuate Uy, given the distance |n — p
e, < the neighbor of e on the edge of which p is located
e« ey
break out of loop
while e is not NULL
attenuate Uy, given the distance |n — p|
e, < the neighbor of the current e on the edge of which p is located

e« e,
Uri — Utmp
Table 6.2: Linear time algorithm to calculate U,;(r)
# of In,;?IEECt Intersect Time
Elements . (enhanced)
(linear)

1.30x 103 0.438s 0.015s

5.46x103 8.20s 0.078s

2.21x10* 132.1s 0.312s

8.87x 104 2090.0s 1.218s

Table 6.3: A comparison of timing results for calculation of U,; given a linear time search
of intersections and the optimized intersection test shown in Table 6.2.
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6.4 Conclusions

This chapter contains a practical framework for solving light diffusion problems in
two dimensions for the purpose of simulating light scatter in inhomogeneous materi-
als. Specifically, an efficient implementation of hanging nodes to adaptively subdivide,
while preserving the quality of the mesh, has been demonstrated; a method to econom-
ically compute the source distribution using element neighbor information has been
shown; and finally it has been shown that a pre-factor of the finite element matrix
can rapidly generate recalculations when the source distribution changes. Chapter 7
develops a per-element error estimation technique which along with the grid adap-
tation technique presented in this chapter can be used to adaptively refine the finite

element mesh for better accuracy.
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Source

2.975in

Figure 6.2: Calculating the source at a node (Figure 6.2). Step 1 (dark gray): test all
the elements sharing the node and determine the edge of intersection. Step 2 (light gray):
iteratively intersect neighbor elements until the boundary is reached.

Figure 6.3: (a): A square mesh containing 260 elements. (b): The distribution of U,;
based on a point source beneath the mesh. (c): The distribution of Uy given the source
distribution from (b) on the mesh from (a). (d): The distribution of Uy on the fully
subdivided mesh shown in the last figure of Figure 6.4(a).
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Figure 6.4: (a): Five meshes which have been fully subdivided over successive iterations.
(b): The first mesh is adaptively subdivided on elements that contain nodes whose value
of Uy is at least 10% of the maximum Uy in the solution given the source from Figure 6.3.
The next column takes the previous mesh as input but subdivides elements which contain
nodes of at least 20% of maximum. This continues up to to 50% of maximum for the last
mesh. Darker elements indicate the presence of ghost nodes in those elements.
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Mean of Intensity Difference

O Full Subdivision
#* h-Adaptation _

3
10

Number of Elements

Figure 6.5: An error plot showing the average error intensity of Uy solved on both the

fully and selectively refined meshes from Figure 6.4.

Non- -
# of o Non. Factor Solution
ZEeros 1n ZEeros 1n . .

Elements [ K] I Time Time
1.30x 103 2.15%103 1.24x10% 0.016s <0.001s
5.46%x 103 8.45%x 103 2.59%10° 0.032s <0.001s
2.21x10* 3.35x10* 3.28x10° 0.171s 0.016s
8.87x10% 1.34x10° 1.59x 106 0.859s 0.047s
3.55%x10° 5.35%x10° 7.29% 106 4.359s 0.218s

Table 6.4: Progression for timings and non-zero fill rate as mesh size is increased. These
numbers were generated from the five iterations on the full subdivision mesh in Figure 6.4(a).
The non-zeros in [K] increase roughly linearly with the number of elements in the mesh.
The non-zeros in the L factor increase roughly by an O(nlogn) factor, while the factor and
solution time increase approximately as O(n?).
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CHAPTER 7

ERROR ESTIMATION

“To err is human, and to blame it on a computer is even more so.”

— Robert Orben.

Not surprisingly there are numerous potential sources for error in any numerical
simulation which can range from errors in the mathematical model, human error in the
implementation, to inherent instabilities in the numerical solution itself. This chapter
is about an important aspect of the error in the numerical realizations of the diffusion
approximation using the FEM. Specifically, the error in the solution as expressed in
Equation 5.56 is caused by discretizing the domain. A coarse discretization causes
two sources of error: (1) the error associated with linearly interpolating the source
term even though it propagates exponentially across the element; and (2) the “jump
discontinuity” which occurs due to the derivative of the interpolation functions on
the shared boundary of elements. The latter is a manifestation of the use of discrete
elements. Both these errors can be reduced by reducing the size of the elements or
increasing the order of the interpolation functions across such elements.

Although one can calculate the residual of a linear system by substituting the
solution back into the original equation, this does not give any information on the
local region where the error may be high. A more useful class of techniques attempts

76



to estimate the error at a local scale, specifically in an element. These techniques
generally require the user to first generate a global solution, then use the global
solution on a per element basis to attempt to estimate the error.

A currently popular error estimation technique, the self-equilibrated residual and
complementary a posteriori error estimator, fails for this type of problem; specifically
where the source is present in an element. This chapter first describes the derivation
for this a posteriori error estimation technique in Section 7.1 for the diffusion equation
and discusses why it fails to accurately estimate the error. In Section 7.2 a novel
alternative error estimator is proposed based on the local solution using a Green’s
function kernel. This alternative is stable and unlike current a posteriori estimators,

it accounts for the source distribution across the local element.

7.1 Self-Equilibrated Residual and Complementary A Pos-
teriort Error Estimator

This section contains the derivation for a per-element self-equilibrated residual
and complementary a posteriori error analysis technique. In combination with h-
adaptation hanging node subdivision, presented in Chapter 6, this technique can be
used to adaptively subdivide a grid in areas that have error above a tolerance level

without subdividing neighboring elements which have error below the set tolerance.

7.1.1 Derivation

The derivation starts with the weak form of the non-boundary condition weighted
residual of the diffusion equation derived using Galerkin’s method (from Equation 5.47).

It is again listed for clarity:
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/ Ve (r) - VU(r) dO — /Q 68 (1)U, (x) d2
(7.1)
/cbe dQ+/S o5(r) (%Ud( )) dr.

However, for cases where the elements are internal, the integral along the boundary

will cancel out and the resulting equation becomes:

—/Qngf(r) - VUy(r) dQ2 — /ngf(r)/{Ud(r) dQ) + /Q @5 (r)S(r) d. (7.2)

Let U, be the solution from the finite element method when applied to Equation 7.2,

then Ud satisfies:

/ Ve (r) - VUy(r) dO — / ¢ (r) kU, (r) dQ + / ¢¢(r)S(r) d2 = 0. (7.3)

Working backwards from the original finite element derivation presented in Chapter 5,

Green’s first identity is applied to Equation 7.3

[ v e an = [ o) (G0t ar

(7.4)
/df )Uq( )dQ+/¢6() (r) dQ = 0.

Defining r(r) = V - VUy(r) — sUy(r) + S(r) as the residual which is not necessarily

zero, simplifies Equation 7.4 to

- [ewr o~ [ o (50 ) ar=o (75)

Setting Equation 7.5 equal to Equation 7.3 yields
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R = / Vs (r VUd(r) ds) — / qbf(r)fff]d(r) d) + / 5 (r)S(r) dQ
9 Q@ (7.6)
_ /Q P)r(r) d — /ngﬁe(r)(a O )) dr.
To get the general form of the non-boundary case, subtract Equation 7.6 from

Equation 7.2

- [ et vetia- [ sitomets) an— [ o o= [ o (e st ) ar

(7.7)
where e(r) = Uy(r) — Uy(r).
The boundary case is derived from subtracting Equation 7.6 from Equation 7.1

and replacing the derivative with the boundary condition given in Equation 3.36

/qﬁe dQ— BATque - Ve(r)d§) — /qﬁe re(r) dS) s

. ¢e ) dI — / o (r

where the source term S in the residual r now also includes the boundary source term

containing Q; from Equation 3.36.
7.1.2 Application to Two-Dimensional Diffusion Equation

For the non-boundary case, Equation 7.7 is treated as a per-element error equation
even though there is some coupling between elements, namely the boundary integral
in Equation 7.1. Note that Equation 7.7 is a finite element equation in itself where
the unknown quantity in this case is e

The residual term r can be calculated from the known values Ud but can be
simplified by noting that since the original interpolation function ¢ is linear the
double gradient V - VU, is zero.
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The weighted residual from Equation 7.7 for any node ¢ of the element is given by

/V(;ﬁe -Ve(r dQ—l—/gb r)ke(r dQ+/¢
/ )(a—+Ud( )) dr. i

This system of equations can be formulated to solve for ef, the error at the nodes.
This system of equations has the same [K]| matrix as Equation 5.70 however, the

source term b§ in Equation 5.80 changes to

b = / ¢ (r)r(r) dQ + /F (—Ud( )) dr (7.10)

_ 5oy /¢ ﬁUdr; / ()(%Ud( )) ar(711)

given that r(r) = V- VUy(r) — kUy(r) + S(r) and (originally from Equation 5.76):

e e UTii U’"ij UTik

S¢ = vA 5 + B + 1
30 [ Qu(r) | Qu(ry) [ Qulr) | Qury)
o |:|F1]|nij ( 3 + 6 + [Tie [0, 3 + 6 .

(7.12)
The term [ ¢¢(r)xUy(r) dQ in Equation 7.11 can be expanded in the same manner
as was done for Equation 5.103 by assuming that Ud(r) can be interpolated inside the

element by a linear combination of the values at the nodes. Applying this results in:

e U5 Us )
e_ _qe A€ iy % 4 Tde ¢ — r 1
b = =S+ x (6 g )+ [ e (Getim) a s

where Uji is the value of Uy at node 7 in element e and S¢ is the value of S at node i
in element e. The last term in Equation 7.11 can be partially calculated analytically.
First the partial derivative is expanded in two dimensions
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Then given that the term U, can be written as a linear combination of nodal values:

Ua(r) =) U5 65(r), (7.15)

Jj=1

Equation 7.14 can be rewritten as,

—Ud ZUd < : qbz r) +n+-y&i(r>). (7.16)

ont dy

Substituting Equation 7.16 into the last term in Equation 7.13 yields

f o ()= [ o (S50 o o205 o

(7.17)

Since the interpolation functions are linear, they can be explicitly differentiated

% _ 2126 (7.18)
% _ 2’23 (7.19)
% - ;Ee (7.20)
%f _ zi (7.21)
%if _ ;i (7.22)
%’f - 2CA§6 (7.23)

If node 7 does not lie on the boundary I'; then the contribution from that integral
will be zero, otherwise the integral in Equation 7.17 can be modified as:
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/ i) (%Ud(r)) dr (7.24)

e e
x—%ig) +n] - y—%;g))) d¢ (7.25)

>
7 N
® 4

(&2

3
N be €
S0, (nj x5 +n- y%)) dé (7.26)

_ 2Zelrsl (Z Ty (0 - x)b + (n7 .y)c§)> cae o)

a; (05 - x)b5 + (n - y)C?)) (7.28)

However, the error along the boundary is not just contributed from the current
element e but also the element neighboring e along boundary I'y, es. Thus, the total
error along the boundary is actually B(e,I's) + B(es, I's). Since this error arises from
the boundary, and not the element, the error is shared between the two elements
based on the relative sizes of the elements. Thus the total amount of error on the

boundary that is attributed to element e is

Ae

[B(e,T,) + B(es, T'y)] At A

(7.29)

To summarize, the [K] matrix for the error estimator is identical to the original
finite element matrix:

1 A°

Kj = <4Ae (B05 + i) + TR (L + (5”)) : (7.30)

where

1=
5”‘{0 i 4]
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and the b vector is

A

ve U5 Us
b — —Ge 4 pAe | 24 Zd P
i i Th 6 T 12 T 12

Ae

+ [B(e, Fs) + B(es, Fs)] W

V (I'swhich touch node 17)
(7.31)

Elemental Boundary Conditions

In the case of a domain boundary element the weighted residual will be

3fbtr
R, = /V¢f(r).V6(r)dQ+/gbf(r)ﬁe(r) Q)+ ';t / ¢i(r)e(r) dF+/ o5 (r)r(r) d
I's
(7.32)
where the term 7(r) now contains a boundary term as well. The modifications to [K]

and {b} are

s FS
Ky = Mtrl 4|(1 +dij), (7.33)
b = gDl - (B D) (7.34)
2m 3 6

7.1.3 Instability in the Presence of a Source

Although the self-equilibrated residual and complementary a posteriori error esti-
mator technique has been used to predict the error in stress and strain calculations [51]
as well as many other domains, it seems to be unsuitable for the diffusion equation
as presented in this dissertation. The major difference between the domains is the

distribution of the source. In many domains the source is distributed across the outer
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boundary of the domain. However, in the light diffusion problem the source is the
reduced incident intensity term (U,;) which is prevalent throughout the volume.

In the elements where the source term is large the error prediction technique de-
scribed previously does not converge as elements are subdivided. The author has
experimentally verified this by artificially “cutting off” the source term in certain
elements and observed that the self-equilibrated residual and complementary a pos-
teriori error estimator technique accurately predicts the error in those elements once
the source has been removed (see Figure 7.1 for such an element and the results of
the error estimator in Figure 7.2). Unfortunately although this verifies the instability
of the method presented here it does not offer a solution as removing the source term
from any element changes the overall solution. A solution to this problem is proposed

in the next section.

Figure 7.1: Arrow indicates element used for error estimation throughout this section.
The left figure shows the original distribution of U,; while the right shows the region which
artificially cuts off U,; to test the self-equilibrated residual and complementary a posteriori
error estimator.
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Figure 7.2: This plot demonstrates the instability of the a posteriori error estimator
described in Section 7.1.2. In this experiment the normalized error (the calculated error
divided by the numerical value of U,;) is calculated for the element in Figure 7.1 calculated
per element in both the presence of a source (solid line) and its artificially removed absence
(dashed line). The error grows without bound in the presence of a source, but is otherwise
well behaved without it. The “element size” axis is the length in cm of the edge of the
element (an equilateral triangle).

7.2 Error Estimation: Method of Moments and Green’s Func-
tion

In this section an error estimator is developed using an integral equation which
solves the differential equation through the integration of a Green’s function kernel.

As an example, consider the following differential equation
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L(r)u(r) = f(r) (7.35)

where L(r) is the differential operator, u(r) is an unknown function and f(r) is a

known source function. A solution to Equation 7.35 can be written as

u(r) = L7 (1) f(x) (7.36)
where L7!(r) is the inverse of L(r). Thus, the inverse operator in Equation 7.36 can

be defined using a Green’s function as

L™ (r)f(r) = / G(r;r') f(x")dr’ (7.37)
0
where G(r;r’) is the Green’s function associated with the operator L(r) it is a two-

point function (defined for points r and r’) which satisfies the relationship

L(r)G(r;r') = 6(r — 1'). (7.38)

Now the original equation can be solved directly in terms of the Green’s function by

substituting Equation 7.37 into Equation 7.36

u(r) = / Glr:x) f(x')dr. (7.39)
Q
The following section will derive an estimator for the quantity Uy at the centroid

of the element e using a Green’s function and the previously numerically calculated

values of U, at the nodes of the element.
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2D Error Estimation

To formulate the error estimator note that that the differential operator (from

Equation 3.28) for the diffusion equation is

L= {V-V—%] (7.40)

Thus, from Equation 7.38

(V-V — %)G(r; r')=0(r—1'). (7.41)

This allows the following identity for the light diffusion equation to be defined:

Mo T
/QUd(r)(V-V—B)G(r,r)dQ—/ﬂG(r, WV -V ﬁ)Ud( )dQ2 = 0. (7.42)

Using Green’s identities, the area integrals are converted into line integrals:

/ Uq(r) - VG(r;r') dT" — /QVUd(r) -VG(r;r') dQ

-l—/ G(r;r') - VUy(r) dl’ — / VG(r;t') - VUy(r) dQ = 0.
) ’ (7.43)

The second and fourth integrals cancel resulting in

/ Ug(r) - VG(r;r') dU'+ [ G(r;r') it - VU,(r) dI" = 0. (7.44)
I's

T

Considering again Equation 7.42, note that the term (V -V — \/B)G(r;r’) in the
first integral can be replaced by the delta-function from Equation 7.41 while the term
(V -V — A\/B)Uq4(r) in the second integral can be replaced with the term —S(r)/3
from Equation 3.28. Thus Equation 7.42 can be rewritten as
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Ua(r') — /Q G(r; r’)%dQ =0. (7.45)

Equating Equation 7.45 and Equation 7.42 and simplifying yields

Ud(rl> = / Ud(r) n - VG(I‘;I‘/) dl’ + G(I';I‘/) fi - VUd(I‘) dl’ + /S; G(I‘;r/) S(r> a9,

r, g
(7.46)
where the Green’s function G(r;r’) is
1 A
G(r;r') = —HP (—j—r—r’) 7.47
(rix) = =1 (=5l = (747

and H(§2) is a Hankel function. Equation 7.47 can be rewritten in terms of a modified

Bessel function using the following identity [1]

]_ 1 . 1 _ .
K,(z) = —§7Tje_5”mH£2) <z6_5”> (7.48)
1 - T
Ko(z) = —§7TjH(§2) (ze772) (7.49)
21j Ko (ze%’”') = H? (). (7.50)

Substituting the Hankel function from Equation 7.50 into Equation 7.47 and simpli-

tying yields

1 i
G(r;r') = 4—],27ij0 <—j%|r — I‘,|€j2) (7.51)
s A ,
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Equation 7.46 can be used as an error estimator if the calculated values for Uy(r)
are used on the right hand side, then compared to the interpolated solution at r’ on

the left with the result of Equation 7.46.

Evaluation of Terms in Equation 7.46 The terms in Equation 7.46 are not
trivial to calculate. Each term and its numerical or analytical solution is discussed
below.

First Term:

This term is measuring the error associated with the linear interpolation functions
along the boundary. If U; were known across the entire boundary this term would
be completely accurate. However, U, is only known at the nodes, thus during the
evaluation of this integral the solution must be interpolated. Thus, the less accurate

the interpolation, the more error occurs.

Uy(r) & - VG(r;r') dT (7.53)
I,
_ /F Ud(r)gﬁ VK, (%|r - r'|> T (7.54)
- [ v (3= 2 G ) ar (159

where x and y are the x and y coordinates of r and 2’ and 3/ are the x and y coordinates

of r'. Let u=\/(x —2')2 + (y — y')2/f3 then
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Uq(r)ir - VG(r;x')dl (7.56)

T, Ualr )g {012(5@( 5y )}df (7.57)

) . (@ = )%+ (y 1)y
_/FsUd<r)§n.[Kl(u) (ﬁ\/x— = W)]dr (7.58)

= [ vt ol 4 - )l (759

Equation 7.59 can then replace the first integral in Equation 7.51 and solved numer-
ically.
Second Term:

This term measures the “jump discontinuity” which occurs with the flux between
elements. Mathematically, the flux is constant across the boundary, in fact this weak
boundary condition was used in the derivation of the finite element formulation. In
practice however, the interpolation functions do not smoothly transition from one
element to the other. The evaluation of this term measures the error from this

discontinuity. Thus,

/ G(r;r )i - VUy(r)dl (7.60)

= G(r;r)a -V (i ngj(r)Ujj) dr’ (7.61)

FS jl

_ / Glr:r) (Z (;Z B + 226 |ny|) )dF (7.62)

j=1
bi n —1——05 0 Us; | dr 7.63

-/ K0<A|r—rw>>g<z
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The integral along the boundary can now be computed analytically. Note that the
normal terms (fi;) are the normals of the current boundary. Also, when evaluating
the boundary integral it is not clear which element should contribute its elemental
constants, (b, c§, and A.). Choosing the element which contains the point r’ does
not accurately reflect the error associated with the jump discontinuity since the in-
terpolation functions will be the same ones used to calculate U, in the first place.
Instead choosing the element constants to be the neighboring element’s constants
will accurately reflect the jump discontinuity error in this case.

Third Term:

This term is another measure of the error associated with the interpolation func-
tions. Specifically in this case the interpolation error associated with the source term.
As seen in the derivation of the transport equation (Equation 3.2), the reduced in-
cident intensity falls off exponentially as it traverses through the volume. This term
evaluates the inaccuracy of the linear interpolation of the source by integrating the
source across the entire element. Unfortunately there is no closed form for the source

term, thus to maintain a higher accuracy in the error calculation a higher order

Gaussian quadrature method is used in the final evaluation of the integral.

/ G(r; r’)%dQ (7.64)

_ /ng(o <%|r—r']) Sg)cm (7.65)

This function is problematic to integrate since a singularity exists in the Green’s
function at r = r’. Although the singularity can be removed, the resulting asymptotic

function is just as problematic to calculate.
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However, the author’s experimental results have shown that the integrand in Equa-
tion 7.64 is quite smooth except very close to its singularity. To verify this, note that

the the asymptotic behavior of Ky(z) for small values (0 < z < 1) is [1],

Ko(z) = —In(z/2) — v (7.66)

where v is the Euler-Mascheroni constant. As an experiment one can construct a two
dimensional element such that the entire side lies in a singularity as the following

function.

fz,y) = In(x) (7.67)

Given a right triangle with coordinates (0,0), (d,d), (d,0) one can analytically inte-

grate the above function:

d Y d
//lnxdxdy = /ylny—ydy (7.68)
o Jo 0
2
y 3 ‘d
Y (my—2 .
) (ny 2) . (7.69)
d? 3
- L (lnd——> (7.70)

Using a adaptive method with 12-point 6th order method (from [13]) which has no
abscissa located on the singularity. The accurate results in Table 7.1 were achieved by
using an adaptive Gaussian quadrature routine based on a 6 and 12 point triangular
Gaussian quadrature which has no points lying on the centroid or boundaries. Since
the modified Bessel function behaves likes a log near its singularity, this is proof that

Gaussian quadrature methods can easily handle such a singularity.
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d Analytic Result | Numerical Result
5.000000e-01 -2.741434e-01 -2.741366e-01
2.500000e-01 -9.019670e-02 -9.019329e-02
1.250000e-01 -2.796439e-02 -2.796268e-02
6.250000e-02 -8.344900e-03 -8.344047e-03
3.125000e-02 -2.424676e-03 -2.424250e-03
1.562500e-02 -6.907816e-04 -6.905690e-04
7.812500e-03 -1.938486e-04 -1.937426e-04
3.906250e-03 -5.375044e-05 -5.369784e-05
1.953125e-03 -1.475968e-05 -1.473376e-05
9.765625e-04 -4.020439¢-06 -4.007847¢-06

Table 7.1: Results of Gaussian quadrature routine on a simple triangle with a modified
Bessel function singularity. These results show that adaptive Gaussian quadrature is a
feasible method for directly evaluating the function even though the singularity still resides
in it.

Boundary Conditions In the case of a non boundary element the error estimation

equation is

G(r;r") - VUy(r) dT + / G(r;r) S(ﬁwdQ.

(7.71)

Ua(r') = / Uy(r) - VG(r;r') dT +
S FS
However, in the presence of a boundary the first and second integrals should be

replaced with the boundary condition

2n- - Ql (I')

2 0
perUg(r) — 5 7——Uy(r) + 1
T

= 0. 72
S s 0 (7.72)

Then Equation 7.71 becomes:
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1 2n~ -
/ - (—  VUq(r) — n—Qm) fi- VG(r;r') dT
n - r
o [ emn (utrUd< )+ 220 ar (.73
(
G(r;r')—=d.
+ o
The expansion of the fi - VG(r;r’) and fi - VU,(r) terms have been described in

Equation 7.59 and 7.63. Replacing these terms and as well as formally defining the

2D Green’s function yields

(7.74)

Note however, that these formulations should only be used on those regions which

lie on the boundaries.

7.3 Results

The Green’s function a posteriori error estimator presented in this chapter is able
to accurately predict and converge on an error for elements even in the presence of a
source. Figure 7.3 shows the error progression for the centroid of the element shown
in Figure 7.1 which is successively subdivided. Note that when the element is large
the estimator does not accurately predict the error, but once the element is “small

enough” the error converges rapidly.
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Figure 7.3: This graph shows the progression of the error estimation rate for the Green’s
function a posteriori estimator in the presence of a source for the element shown in Fig-
ure 7.1. Notice for large elements the estimator is somewhat unstable, but for smaller
element sizes the estimator converges. The error in this graph is the ratio between the
numerical value of U,;(r’') and the estimated value of U,;(r’) calculated by the Green’s func-
tion formulation. The “element size” axis is the length in cm of the edge of the element (an
equilateral triangle).
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7.4 Conclusions

The work presented in this chapter derives a self-equilibrated residual and com-
plementary a posteriori error estimator for finite differences and demonstrated that it
was not suitable for practical error estimation. Furthermore, an alternative method
of moments estimator which uses a Green’s function to solve the average diffuse in-
tensity was proposed. Experimentally, this method accurately predicts the relative

error associated with elements in the finite element solution.
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CHAPTER 8

PHYSICS-BASED SUBSURFACE VISUALIZATION OF
HUMAN TISSUE

“What a dog I got, his favorite bone is in my arm.”
— Rodney Dangerfield.

This chapter contains a description for an optical and biological model for vol-
ume visualization which mimics the optical scattering in human tissue seen by near-
infrared (NIR) transillumination. Figure 8.1 illustrates a real-world transillumination
device which is useful for determining the subsurface location of veins or arteries for
vascular taps. In recent years researchers have leveraged the property of human tis-
sue NIR?? permeability to develop methods for non-invasive imaging and detection
to locate tumors, determine blood oxygenation levels, assess nutritional absorption,
brain activity, water content, and many others [8,21,25,29,37,58,71]. The model
presented in this chapter is an implementation of the three dimensional finite element
method presented in Chapter 5 to simulate the physical process of light scattering for
the NIR transillumination configuration.

There is a need for viable optical models and computational methods that study
light transport through biological tissue at a variety of scales and wavelengths. Most

22The spectral region of NIR light is considered to be in the wavelength range of 700 to 5000 nm.
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Figure 8.1: This figure illustrates the use of the Vascular Viewer™ which illuminates the
far side of the forearm with an array of infrared LEDs, shines the light through the arm,
then is viewed directly using a filtered infrared scope.

existing optical models [47] and volume rendering methods based on those do not
display internal structure in a realistic manner since they do not simulate the high
amount of scattering that occurs. However, in computer graphics literature, subsur-
face scattering methods have been employed to increase the realism of organic surfaces
and human skin [34]. Unfortunately, these methods, are not physically accurate and

cannot be used for the purposes described below.

8.1 Biological and Geometrical Phantom

The geometry for the biological model presented in this chapter (a human forearm)
was created in the finite element meshing software, ANSYS. The model (shown in

Figure 8.2) includes both the ulnar and radial artery, superficial veins, the radius and
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Figure 8.2: ANSYS model for human forearm. Red vessels are arteries and blue vessels
are superficial veins. Inner cylinders represent the radius and ulna bones.

ulna bones, and an outer “muscle” layer. Note that the ulnar and radial arteries are
those which show up in the transillumination photograph in Figure 8.4b.

Although it is difficult to measure in vivo scattering values for internal human
tissues many studies exist which measure the absorption coefficient i, and the reduced
scattering coefficient p in a variety of tissues at different wavelengths [9,12,20,45].
The scattering properties chosen by the author in Table 8.1 were for a wavelength of

950nm.

Tissue | i, (cm™)) |, (em™) | g

Bone [19] 240 0.5 0.945
Muscle [63] 55.51 0.456 0.9
Blood [12]* 2.84 505 0.992

Table 8.1: Optical properties for the simulation shown in Figures 8.4a and 8.5. The source
wavelength is assumed to be 950nm. (fAssuming g = 0.9.; *Wavelength = 960nm.)
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8.1.1 Optical Properties of Skin

NIR light is absorbed in the dermis mainly by water and collagen [68]. Although
skin thickness decreases with age [66] the water content of the skin is greater with
increasing age when expressed per unit weight [44]. Furthermore the proportion of
insoluble collagen increases with age while that of soluble collagen decreases [26].

The total skin thickness is quite small compared to the entire volume: in young
men the total thickness is 1.0-1.2mm and young women 0.8-1.0mm and decreases to
0.7-0.9mm in both by age 70 [66]. Since the skin layer is relatively thin compared
to the volume of the arm, its major effect on the light propagation occurs as light
enters and leaves the medium. Since the boundary condition assumes no inward
directed diffuse intensity, the absorbing boundary layer will not have an effect on the
diffuse intensity computations. This occurs since intensity cannot be reflected from
the boundary, absorbed, then reflected back into the medium. Thus it is accurate to
model the effect of NIR absorption by the skin layer by scaling the reduced incident
intensity by a value proportional to the rate of absorption. This is essentially a
modification of the particular solution to Equation 3.1 such that it scales the initial

intensity by some percentage:

Li(r,8) = A(t)],4(ro,8) e~ Jre(®)sds (8.1)

where rq is the location of the light source and A(t) is a parameter based percentage
between [0, 1] which accounts for the NIR absorption in the skin. This term can be
calculated by exponentially decaying the absorption coefficient for skin [29] across the

depth of the skin
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Figure 8.3: Renderings of the arm dataset as the skin thickness is increased. The left
image allows 100% of the NIR light into and out of the model while the right image reduces
the NIR penetration to only 20% as scaled by the A(t) parameter in Equation 8.2.

A(t) = e 9(hal(t) (8.2)

where §(t) is the thickness of the skin and p,(t) is the absorption cross section for
that section of skin.
Likewise, as Uy(r) and U,;(r) are projected to the detector the output intensity is

scaled by A(t) to account for the absorption of light exiting the skin.

8.2 Implementation

The implementation of this model does not differ greatly from the 2D described
earlier in Section 6.2. The construction of the finite element matrix [K] is identical
except the 3D formulation developed in Chapter 5 is used instead. For simplicity, the
source calculation was changed slightly to use an octree to accelerate ray intersection

tests.
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8.2.1 Source Distribution {b}

The source distribution is calculated from solving for U,;(r) at every node in the
mesh (see Equation B.2) then integrating across the elements as shown in Equa-
tion 5.104. Calculating U,; involves tracing a ray from the node to the light source
and attenuating the source light based on the extinction cross section (p;) of the ele-
ments the ray passes through. Since it is possible to have different material properties
in each element of the mesh we must calculate an intersection for each element the
ray passes through, as opposed to the straight line distance from the node to the
edge of the mesh. To avoid expensive intersection tests with all the elements in the
node, the domain containing all elements of the FE grid is partitioned into an octree.
The intersection task is then simplified by testing only those elements that reside in
octants that intersect the ray. For a well balanced octree this reduces the number
of potential intersection checks from linear to logarithmic complexity. The algorithm

for building the source vector {b} is shown in Algorithm 8.2.1.
8.2.2 Rendering

To render the simulated NIR images in this chapter, Uy(r) is first solved for at all
nodes in the mesh then interpolated onto a complete volume. If the nodal solutions
are projected directly to the surface of the model the solution tends to look aliased.
Instead, the solved volume is loaded as a 3D volume of scalar intensities into Kitware’s
VolView volume visualization software [30]. Allowing a bit of translucency in the
volume generates much more realistic renderings. Volume rendering the solution is
essentially similar to modeling the subtle forward scattering effects as light diffuses

out of the material which are not completely modeled by the diffusion equation.

102



Algorithm 1 Algorithm to build {b}.

Build w({b}):
for each node n in the mesh do
Trace a ray from the source through the medium to n
and calculate U,;(r)based on Equation 3.22
Store this result in uri (n)
end for
for each element e in the mesh do
Build a local 4 element vector {b°} given Equation 5.104 and
using the precomputed values for U,.;(r)from uri (n)
Add boundary conditions from Equation 5.113 to {b°}
Add the elements from {b°} to {b} by mapping local node
numbers to global ones as in Equation 5.57
end for

end //Build-w

8.3 Results

A primary advantage of this method is the ability to perform simulations to deter-
mine maximum visible depths. One experiment the author performed was to transillu-
minate a discontinuity which could be moved below the surface. As the discontinuity
is moved the mean intensity increases due to more light being allowed to reach that
area on the surface. Simultaneously, the standard deviation of the intensity histogram
decreases, reflecting the fact that the intensity is distributed more evenly across the
surface. The images in Figure 8.6 demonstrate the visual aspects of this experiment
while the plot in Figure 8.7 shows the visibility metric as the discontinuity moves
beneath the surface. For perspective and to illustrate the effect of source placement
Figure 8.5 shows a rendering of the arm with both a top and bottom lit configuration.

Some sample run times and matrix fill statistics are given in Table 8.2. As men-

tioned previously, the “Factor + [K] Creation Time” column can be thought of as
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Figure 8.4: Figure (a) shows the simulation of near infrared light through a sample
arm model while Figure (b) shows the actual result from the Vascular Viewer™ . Note
that the Figure (b) not only shows the NIR light scattered through the arm but also any
background light which happens to be in the environment, the simulation in Figure (a)
lacks this background NIR noise.
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Figure 8.5: This figure shows the solution of Uy(r) on the finite element model shown in
Figure 8.2. The arm on the left is lit from the bottom while the image on the right is lit
from the top. The planes in the background are shown for perspective.

a precomputation step if multiple simulations are run with a moving light source.

Saving the factorization reduces successive calculations by approximately half.

8.4 Conclusions

The content of this chapter covers a practical framework for solving light diffusion
problems in three dimensions for the purpose of simulating light scattering in inho-
mogeneous materials. Specifically, it has been shown that a finite element solution to
the diffusion equation is able to accurately capture many subsurface scattering effects

seen in real world NIR transillumination.
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Factor

# of Non- Non- Sgurce + [K] )
Ele- ZEeros Zeros t?e_ Cre- Solution
ments | in [K] in [L] avion ation Time
Time .
Time
5000 8261 4.30e4 1.187s 2.141s 0.046s
16875 26416 3.20e5 5.156s 7.266s 0.172s
40000 60921 8.09¢5 17.172s 17.22s 0.562s
78125 117026 2.65¢6 37.937s | 34.204s 1.563s

Table 8.2: Progression for timings and non-zero fill rates as 3D mesh size is increased.
These results were generated from a lem? cube which was evenly meshed. The solution
time is the amount of time to calculate {Uy} from [K|{Uy} = {b} given the factorization

).
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Figure 8.6: This figure illustrates the metric for determining visibility of a subsurface
structure in a 10cm® medium. Column (a) places the discontinuity at lcm while column
(b) places it at 5cm. The histogram plots on the bottom row show the intensity of the
pixels around the white boxes drawn on the top surface of the cubes. Notice as the discon-
tinuity sinks, the average intensity increases while the standard deviation of the histogram
decreases.
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Figure 8.7: This figure shows how the standard deviation of intensity varies as the disconti-
nuity in Figure 8.6 moves below the surface. 1z = 10cm™! i, = 0.1cm™'. The discontinuity
visibility drops significantly after 1.5cm.
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CHAPTER 9

CONCLUSIONS AND CONTINUING WORK

“Mehr Licht!”

— Purported last words of
Johann Wolfgang von Goethe.

9.1 Review

This dissertation presented the formal problem of calculating subsurface scattering
in diffuse materials, specifically for near infrared light in human tissue. Furthermore,
background research in computer graphics and other biomedical related work into
subsurface scattering was presented in Chapter 2. The mathematical background
for the transport equation and diffusion approximation was presented in Chapter 4.
Then, a proposed solution to the diffusion equation in terms of finite differences
was presented was presented in Chapter 4. Although the finite difference method
generated good visual results, it was unsuitable for precise calculations on arbitrary
geometries and complex scattering patterns. This lead to the presentation of the
finite element solution to the diffusion equation in Chapter 5. The finite element
approach adapted easily to arbitrary geometries and even adaptable meshes which can

be refined in regions of high error. In Chapter 6 a 2D hanging node mesh refinement
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method was presented along with an efficient implementation of the finite difference
solution to the diffusion approximation. Chapter 7 continued with a presentation
of a robust per-element method of moments error estimation scheme. Finally, an
efficient full 3D implementation of the finite element diffusion scheme was presented

in Chapter 8 and applied to and compared to a real world NIR visualization device.

9.2 Discussion

This dissertation provided techniques to answer the question “What is the com-
plete distribution of light in arbitrarily shaped tissues with varying optical proper-
ties?” Specifically a finite difference and finite element approach to solving the light
diffusion equation was presented. These techniques were demonstrated to accurately
calculate the distribution of visible and NIR light in arbitrary geometries with varying
inhomogeneous light scattering properties. It continues with providing a method for
answering the question “How can the error in a finite element solution of light scat-
tering be estimated with the diffusion approximation?” This is accomplished with
a novel error estimation technique based on a Green’s function estimator which can
be used to predict the error in the finite element solution and refine those areas with
high error.

Computer graphics models often skim over, or oversimplify the physics of a partic-
ular light phenomenon. This is particularly true in the case of subsurface scattering.
Although results are often visually appealing, in the long run progress will be stunted
if the scientific basis is diluted. On the other hand, the biomedical optics community
is quite precise when it comes to the mathematical simulations, however often the

implementations are lacking efficient frameworks. This is the main contribution of
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this dissertation: to bring together both communities while contributing something
to both. Specifically, to the computer graphics community it brings the physics of
light diffusion to an practicable level as well as introducing relevant new problems to
the community; such as the visualization of the NIR transillumination device. To the
biomedical optics community it brings efficient implementations of previously known
algorithms as well as introducing new techniques such as the hanging nodes refinement
scheme, highlights the shortcomings of existing a posteriori error estimation schemes,

and proposes a new error estimation scheme for adaptive refinement methods.

9.3 Continuing Work

There are several issues presented in this dissertation which can, and will, benefit

from further examination.
9.3.1 Higher Dimensions

Although a 3D finite element implementation method was presented in Chapter 8
a 3D implementation of hanging nodes and a 3D error estimation scheme needs to be
investigated. First, the 3D implementation of hanging nodes is not trivial. Tetrahe-
drons do not divide as simply as triangles do, and care must be taken during imple-
mentation to ensure that the data structure remains coherent. Secondly, the method
of moments error estimator does not convert easily from 2D to 3D. At the very least

the Green’s kernel differs, thus changing the derivation and the implementation.
9.3.2 Real World Models

In Chapter 8 a synthetic numerical phantom was created using basic knowledge

of human anatomy. It would be preferable to use a segmented MRI model however,
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MRI systems are not configured to image human arms at high resolution. As part of
the author’s continuing work a plan is in place to configure an MR coil for optimal
high resolution imaging of a human arm and compare images generated from the
3D diffusion simulation with images from the same arm visualized using the NIR

transillumination device.
9.3.3 Computational Complexity

One difficulty with transitioning from a two dimensional model to a three dimen-
sional one occurs with the amount of data required to store the model as well as
the computational requirement of creating and solving the finite element matrix. Al-
though the fill rates for Cholesky factorization are low for two dimensional models,
the same is not true for three dimensions. As more complex models are simulated
in three dimensions a robust sparse iterative solver will need to be implemented to

process the solutions on such systems.
9.3.4 Other Uses of the Diffusion Model

It is possible to use the techniques and framework developed in this dissertation to
simulate similar non-light diffusion problems. For example, radio frequency ablation
(RFA), microwave ablation (MA), and cryoablation are techniques are used to treat
a variety of diseases such as tumor removal from the liver, kidney or other organs;
catheter ablation of heart arrhythmias; endometrial ablation as an alternative to hys-
terectomies; as well as many other conditions. During the ablation process a catheter
is inserted into the tissue in question and a current, microwave signal, or coolant,
is injected into the tissue. The hope is that the questionable tissue is destroyed by

the extreme temperature change and healthy tissue is left alone. However, during
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the procedure it is difficult for the physician to determine which tissues have been
destroyed. A finite element simulation of the heat diffusion equation could provide
such answers, and perhaps with MRI data from the patient, predict where a surgeon

must apply the ablation treatment and at what intensity and duration.

9.4 Final Words

Out of all the techniques presented in this dissertation, this author has found
that the finite element method is one of the most useful. Although this technique
occasionally is used in computer graphics literature, it is often overlooked, perhaps
because of its mathematical complexity. However, once one is familiar with the finite
element formulation one can appreciate its power to solve equations over meshes of
arbitrary orientation. Furthermore, the user has great sway over how to increase the
order of accuracy of the solution through refining the mesh or increasing the order
of interpolation functions. It is the hope of this author that such computational

techniques will find their way into mainstream computer graphics research.
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APPENDIX A

DERIVATION OF 2D AND 3D FINITE ELEMENT
FORMULAE

This appendix provides the derivation for the formula used to analytically cal-
culate the integration of linear interpolation functions across the elemental domain
(Equations 5.69 and 5.96) as originally presented by Eisenberg and Malvern [17] with
one error.

The equations in question are:

II'm! n!

J[ @) (50" @) do dy - (A

(l+m+n+n+2)

and

e ke 1/ e m e n B k'l m! nl .
JI] e st e @) dedy = ot v

(A.2)

The derivation presented will follow the two dimensional form, but can easily
be expanded to three dimensions. The key is to realize differential area (dz dy) in
Equation A.1 can be illustrated by the parallelogram in Figure A.1. Let s; as defined
in the figure be the distance from edge ¢ + 1 mod 3 in a parallel direction with
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edge i to the parallelogram coordinate. Then we define &; = s;/h;. Notice that the

differential widths of the edges of the parallelogram are hy d¢; and hy d&;. Thus the

differential area is

Figure A.1l: Parallelogram differential area in a triangle.

dx dy =dA = (hl d§1> (hQ dfg) sin .

Since the formula for the area of a triangle is

1
A = §h1h2 sin C

Equation A.3 simplifies to

dA = 2Ae dgl dlfg

where & are the normalized area coordinates. Since & + & + &3 =0

L b
/A Elerer dA = 21" / [/ elem(1— el —em) dg,| de.

Defining t = & /(1 — &) replaces the inner integral as
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1 1
/ €lepen dA = 2A° / €L — &)™ de, / A d (AT)
A 0 0

The integrals on the right hand side of the equation are a form of the beta func-

tion [1]

Blz,w) — /O 11— 1)L g — % (A8)

where I'(z) is the gamma function, which satisfies I'(n 4+ 1) = n! for integers n > 0.

Thus,
J[ @) (50" @) dway - (A.9)
B JU+DIm+ 1) (n+1)
= 2 I'l+m+n+3) (A.10)
Il m! n .
- (l+m+n+n—|—2)!2A (A.11)
Q.E.D.
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APPENDIX B

TABLE OF SYMBOLS AND FORMULAE

the phase function of the angle between § and §'.

the mean cosine of the scattering angle 6 given by Equation B.5
cosf =8§-§

particle density

absorption cross section

scattering cross section

extinction cross section (p, + fis)

transport cross section (us(1 — g) + fia)

diffuse intensity

reduced incident intensity given by Equation B.3

diffuse flux vector, whose direction is given by a unit vector §¢ defined
in Equation B.7

source function

source function due to reduced incident intensity see Equation B.4
average diffuse intensity given by Equation B.2

average reduced intensity given by Equation B.1

(per) ™

3fta

3hs

vUi(r) — £V - [0 [, €rilr,8)8 dw]

Ualr) = - / Ia(x,8) (B.2)
WD)t B.3)
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